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Introduction 


The algebraic varieties have played a very important role in the development of geometry. 
The lines and the conics where the first to be investigated and moreover, the study of 
equations leads naturally to algebraic geometry. 

The past century has witnessed the introduction of new ideas and techniques, notably 
algebraic topology and complex geometry. These had a dramatic impact on the development 
of this subject. There are several reasons which make algebraic varieties so attractive. On 
one hand, it is their abundance and the wealth of techniques available to study them and, 
on the other hand, there are the often unexpected conclusions. These conclusions lead 
frequently to new research questions in other directions. 

The gauge theoretic revolution of the past two decades has only increased the role played 
by these objects. More recently, Simon Donaldson has drawn attention to Lefschetz’ old 
techniques of studying algebraic manifolds by extending them to the much more general 
context of symplectic manifolds. I have to admit that I was not familiar with Lefschetz’ 
ideas and this gave me the impetus to teach a course on this subject and write up semi- 
formal notes. The second raison d’étre of these notes is my personal interest in the isolated 
singularities of complex surfaces. 

Loosely speaking, Lefschetz created a holomorphic version of Morse theory when the 
traditional one was not even born. He showed that a holomorphic map f from a complex 
manifold M to the complex projective line P! which admits only nondegenerate critical 
points contains a large amount of nontrivial topological information about M. This infor- 
mation can be recovered by understanding the behavior of the smooth fibers of f as they 
approach a singular one. 

Naturally, one can investigate what happens when f has degenerate points as well and, 
unlike the real case, there are many more tools at our disposal when approaching this issue 
in the holomorphic context. This leads to the local study of isolated singularities. 

These notes cover the material I presented during the graduate course I taught at the 
University of Notre Dame in the spring of 2000. This course emphasized two subjects, Lef- 
schetz theory and isolated singularities, relying mostly on basic algebraic topology covered 
by a regular first year graduate course.! Due to obvious time constraints these notes barely 
scratch this subject and yes, I know, I have left out many beautiful things. You should view 
these notes as an invitation to further study. 

The first seven chapters cover Lefschetz theory from scratch and with many concrete and 


'The algebraic topology known at the time Lefschetz created his theory would suffice. On the other hand, 
after reading parts of [23] I was left with the distinct feeling that Lefschetz’ study of algebraic varieties lead 
to new results in algebraic topology designed to serve his goals. 
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I hope relevant examples. The main source of inspiration for this part was the beautiful but 
dense paper [21]. The second part is an introduction to the study of isolated singularities 
of holomorphic maps. We spend some time explaining the algebraic and the topological 
meaning of the Milnor number and we prove Milnor fibration theorem. As sources of 
inspiration we used the classical [3, 29]. 

I want to tank my friends and students for their comments and suggestions. In the end 
I am responsible for any shortcomings. You could help by e-mailing me your comments, 
corrections, or just to say hello. 


Notre Dame, Indiana 2000 
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Chapter 1 


Complex manifolds 


We assume basic facts of complex analysis such as the ones efficiently surveyed in [14, 
Sec.0.1]. We will denote the imaginary unit /—1 by i. 


§1.1 Basic definitions 


Roughly speaking, a n-dimensional complex manifold is obtained by holomorphically gluing 
open sets of C’. More rigorously, a n-dimensional complex manifold is a locally compact, 
Hausdorff topological space X together with a n-dimensional holomorphic atlas. This con- 
sists of the following objects. 


e An open cover (U,,) of X. 
e Local charts, i.e. homeomorphism hy : Ua > Og where O, is an open set in C”. 


They are required to satisfy the following compatibility condition. 
e All the change of coordinates maps (or gluing maps) 
Fea : ha(Uag) =? hg ag), (Uap = UgNn Us) 


defined by the commutative diagram 


he(Uag) CC 


are biholomorphic. 
For a point p € Ug, we usually write 
help) = (21,a(P);*** » 2n,a(P)) 
or (z1(p),-+: ;2n(p)) if the choice a is clear from the context. 


From the definition of a complex manifold it is clear that all the local holomorphic objects 
on C” have a counterpart on any complex manifold. For example a function f : X — C is 
said to be holomorphic if 


fh SOC’ SC. (ia lee) 
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is holomorphic. The holomorphic maps X — C” are defined in the obvious fashion. 
If Y is a complex m-dimensional manifold with a holomorphic atlas (Vj; 9;) and F : X > 
Y is a continuous map, then F' is holomorphic if for every 1 the map 


FOV) cX “4+ VicY 


go F : F(V;) > gi(Ui) C C™ . 9 
Gio 


ce 


is holomorphic. 


Definition 1.1. Suppose X is a complex manifold and x € X. By local coordinates near 
x we will understand a biholomorphic map from a neighborhood of x onto an open subset 
of C”. 


Remark 1.2. The complex space C” with coordinates (21,:--,2n), 2 := XE + typ is 
equipped with a canonical orientation given by the volume form 


i\n 
diy Ady, A+ A ditty A dn, = (=) Pep dar Ne Raa doe: 


and every biholomorphic map between open subsets preserves this orientation. This shows 
that every complex manifold is equipped with a natural orientation. 


IfF: X + C”, F = (F\,--: ,Fm) is a holomorphic map then a point x € X is said to 
be regular if there exist local coordinates (21,--+ , Zn) near m such that the Jacobian matrix 


OF; 
I<igm,l<j<n 


has maximal rank min(dim X,m). This definition extends to holomorphic maps fF’: X > Y. 
A point « € X which is not regular is called critical. A point y € Y is said to be a regular 
value of F if the fiber F~'(y) consist only of regular points. Otherwise y is called a critical 
value of F. 

If dimY = 1 then, a critical point x € X is said to be nondegenerate if there exist 
local coordinates (z1,+-- , 2) near x and a local coordinate u near F(a) such that F can 
be locally described as a function u(Z) and the the Hessian 


Ou 
H F):= 
rp tao «)) 1<i,j< 
<i,j<n 


is nondegenerate, i.e. 


det Hess, (F’) 4 0. 
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Definition 1.3. A holomorphic map 
F:X 3Y 


is said to be a Morse map if 


edimY =1. 
e All the critical points of F’ are nondegenerate. 
e If y €Y isa critical value, then the fiber F~'(y) contains an unique critical point. 


Example 1.4. The function f : C’ + C, f = 2? +--++4+ 22 is Morse. 


§1.2 Basic examples 


We want to describe a few fundamental constructions which will play a central role in this 
course. 


Example 1.5. (The projective space) The N-dimensional complex projective space P 
can be regarded as the compactification of CY obtained by adding the point at infinity on 
each (complex) line through the origin. Equivalently, we can define this space as the points 
at infinity (the “horizon”) of C’+!. We will choose this second interpretation as starting 
point of the formal definition. 

Each point (20, 21,--: , zw) € C++ \ {0} determines a unique one dimensional subspace 
(line) which we denote by [zo : -:- : zn]. As a set, the projective space P’ consists of all 
these lines. To define a topological structure, note that we can define P’ as the quotient 
of CN+! \ {0} modulo the equivalence relation 


CX+"\ (} ade CX" \ fo} SB WEC; F=da. 
The natural projection  : C’+! \ {0} > P% can be given the explicit description 
ZS (20, 215°°° 52n) ea [2] = [Zo ees zn}. 


A subset U C P% is open iff r~!(U) is open in CX+!. The canonical holomorphic atlas on 
P’ consists of the open sets 


and local coordinates 


C=G2U 40" 


[20 : +7: : Zw] + (C1,°°° Gn) 
where 


¢ = Spe if k<i 
RT le if k>i 
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Clearly, the change of coordinates maps are biholomorphic. For example, the projective 
line P! is covered by two coordinates charts Up and U, with coordinates z = 21 /2 and 
respectively ¢ = 29/21. The change of coordinates map is 


zH+C=1/z 


which is clearly holomorphic. 
Observe that each of the open sets U; is biholomorphic to C’ . Moreover, the complement 


PY \U; = {[20: ++ awh; 2 = 0} 


can be naturally identified with PY—'= “horizon” of CY. Thus P’ decomposes as Up = C’ 
plus the “horizon”, P'~!. 


Example 1.6. (Submanifolds) Suppose X is a complex n-dimensional manifold. A codi- 
mension k submanifold of X is a closed subset Y C X with the following property. 

For every point y € Y there exists an open neighborhood Uy C X and local holomorphic 
coordinates (z1,--- , 2) on Uy such that 


e 2i(y) =--- = 2n(y) =0. 
ey CUNY = ay’) =--- = z(y’) = 0. 


The codimension k submanifolds are complex manifolds of dimension n — k. There is a 
simple way of producing submanifolds. 


Theorem 1.7. (Implicit function theorem) Jf F : X — Y is a holomorphic map, 
dimY = k and y € Y is a regular value of F then the fiber F~'(y) is a codimension k 
submanifold of X. 


Regular values exist in rich supply. More precisely, we have the following result. For a 
proof we refer to [28]. 


Theorem 1.8. (Sard Theorem) /f F : X — Y is a holomorphic map then the set of 
critical points has measure zero. 


Thus, most fibers F~'(y) are smooth submanifolds. We say that the generic fiber is 
smooth. In this course we will explain how to extract topological information about a 
complex manifold by studying the holomorphic maps 


f:X3T, dimT=1 


and their critical points. We can regard X as an union of the fibers F~!(t), t € T. Most of 
them are smooth hypersurfaces with the possible exception of the fibers corresponding to 
the critical values. We will show that a good understanding of the changes in the topology 
and geometry of the fiber F'~!(t) as t approaches a critical value often leads to nontrivial 
conclusions. 


Example 1.9. (Algebraic manifolds) An algebraic manifold is a compact submanifold 
of some projective space P’. To construct such examples of complex manifolds consider 
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the space Pa,n of degree d homogeneous polynomials in the variables z,--- , zy. This is a 
complex vector space of dimenison Ce Ni We denote its projectivization by P(d, N). 
To any P € Pan we can associate a closed subset Vp C P defined by 


Vp = {[z0;-++ : 20] e PX, P(z,°°° zy) = Of. 


Vp is called a hypersurface of degree d. This depends only on the image [P] of the polynomial 
P in P(d, N). We claim that for most P the hypersurface Vp is a codimension-1 submanifold. 
We will use a standard transversality trick. Consider the complex manifold 


Xi { (Fl [P]) PX x P(d,N); P(Z) = 0}. 


A simple application of the implicit function theorem shows that X is a smooth submanifold. 
The hypersurface Vp can be identified with the fiber F~'(P) of the natural holomorphic 
map 


F:X > P(d,N), ((Z,[P]) 0 [FP]. 


According to Sard’s theorem most fibers are smooth. 

The special case d = 1 deserves special consideration. The zero set of a linear polynomial 
P is called a hyperplane. In this case the hyperplane Vp completely determines the image 
of P in P(1, N) and that is why P(1, N) can be identified with the set of hyperplanes in PY. 
The projective space P(1,.N) is called the dual of P' and is denoted by P. 

We can consider more general constructions. Given a set (P;)sc5 of homogeneous poly- 


nomials in the variables zo,--- , zy we can define 
V(S) := () Ve, 
sés 


V(S) is called an projective variety. Often it is a smooth submanifold. The celebrated 
Chow theorem states that all algebraic manifolds can be obtained in this way. We refer to 
[14, Sec. 1.3] for more details. In this course we will describe some useful techniques of 
studying the topology of algebraic manifolds and varieties. 


We conclude this section by discussing a special class of holomorphic maps. 


Example 1.10. (Projections) Suppose X is a smooth, degree d curve in P?, ie it is a 


codimension-1 smooth submanifold of P? defined as the zero set of a degree d polynomial 
P € Paz. A hyperplane in P? is a complex projective line. Fix a point C € P? and a line 
Lc P?\ {C}. For any point p € P? \ {C} we denote by [Cp] the unique projective line 
determined by C' and p and by f(p) the intersection of [Cp] and L. The ensuing map 


f eR? \ ACV aL 


is holomorphic and it is called the projection from C to L. C is called the center of the 
projection. By restriction this induces a holomorphic map 


PERN IOESS. 
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Critical point 


The center of the 
projection is at finite distance 


The center of the projection 
is at infinite distance Critical point 


Figure 1.1: Projecting from a point to a line 


(see Figure 1.1). Its critical points are the points p € X such that [Cp] is tangent to X. 
The center C can be chosen at oo i.e. on the line z = 0 in P?. The lines through C' can 
now be visualized as lines parallel to a fixed direction in C?, corresponding to the point at 
oO. 

Suppose C' ¢ X. The projection is a well defined map f : X — L. Since X has degree d 
every line in P? intersects X in d points, counting multiplicities. In fact, by Sard’s theorem 
a generic line will meet X in D distinct points. Since the holomorphic maps preserve the 
orientation we deduce that the degree of f is d (see [28] for more details about the degree 
of a smooth map). 

The number of critical points of this map is related to a classical birational invariant of 
X. To describe it we need to introduce a few duality notions. 

The dual of the center C is the line C € P? consisting of all hyperplanes (lines) in P? 
passing through C. The dual of X is the closed set X C P? consisting of all the lines in 
P? tangent to X. X is a (possibly) singular curve in P?, i.e. it can be describe as the zero 
locus of a homogeneous polynomial. 

A critical point of the projection map f : X — L corresponds to a line trough C' (point 
in C) which is tangent to X (which belongs to X). Thus the expected number of critical 
points is the expected number of intersection points between the curve X and the line C. 
This is precisely the degree of X classically known as the class of X. 


Remark 1.11. Historically, the complex curves appeared in mathematics under a different 
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guise, namely as multi-valued algebraic functions. For example the function 


Your x(x < 1)(a —t) 
is 2-valued and its (2-sheeted) graph is the affine curve 
y? = «(x —1)(x —t). 


We can identify the complex affine plane C? with the region z) 4 0 of P? using the corre- 
spondence 


P= 21) 26; Y= 2a] 20: 
This leads to the homogenization 
zezq = 21(z1 — 20) (21 — tzo)- 


This is a cubic in P? which can be regarded as the closure in P? of the graph of the above 
algebraic function. 


Chapter 2 


The critical points contain 
nontrivial information 


We want to explain on a simple but important example the claim in the title. More con- 
cretely we will show that the critical points determine most of the topological properties of 
a holomorphic map 


f:xoT 


where % and T are complex curves, i.e. compact, connected, 1-dimensional complex mani- 


folds. 


§2.1 Riemann-Hurwitz theorem 


Before we state and prove this important theorem we need to introduce an important notion. 

Consider a holomorphic function f : D + C such that f(0) = 0, where D denotes the 
unit open disk centered at the origin of the complex line C. Since f is holomorphic it has 
a Taylor expansion 


f(0) = S- age 
n>0 
which converges uniformly on the compacts of D. Since f (0) = 0 we deduce ap = f (0) = 0 
so that we can write 


f(z) = z¥ (ay, + ongizt-::), k>0. 


The integer k is called the multiplicity of z = 0 in the fiber f~'(0). If additionally, z9 = 0 
happens to be a critical point as well, f’(0) = 0 then k > 2 and the integer k—1 is called the 
Milnor number (or the multiplicity) of the critical point. We denote it by u(f,0). Observe 
that 0 is a nondegenerate critical point iff it has Milnor number pu = 1. For uniformity, 
define the Milnor number of a regular point to be zero. 


Lemma 2.1. (Baby version of Tougeron’s determinacy theorem) Let f : D > C 
be as above. Set w= p(f,0) > 0. Then there exist small open neighborhoods U,Z of 0 € D 


8 
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and a biholomorphic map U + Z described by 
Usuvpz=2uyeZ 
such that 


f(z(u)) = ut", Vu € U. 


Proof If ~=0 then f’(0) 4 0 and the lemma follows from the implicit function theorem. 
In fact the biholomorphic map is z = f~'(u). Suppose pz > 0. 
We can write 


f(z) = 24*"9(z), 


where g(0) 4 0. We can find a small open neighborhood V of 0 and a holomorphic function 
r:V—>Cso that 


gz) = eR S717) = Vale), VEE V. 
The map 
Si 272) 


satisfies u(0) = 0, u’(0) 4 0 so that it defines a biholomorphism Z — U between two small 
open neighborhoods Z and U of 0. We see that f(z) = u/*!, for all z € Z. 


The power map u —> w* defines k-sheeted branched cover of the unit disk D over itself. 
It is called cover because, off the bad point 0, it is a genuine k sheeted cover 


D\ {0} dur u* € D\ {0}. 


There is a branching at zero meaning that the fiber over zero, which consists of a single 
geometric point, is substantially different from the generic fiber, which consists of k-points 
(see Figure 2.1). We see that the Milnor number k& — 1 is equal to the number of points in 
a general fiber (k) minus the number of points in the singular fiber(1). 

If X and Y are one dimensional complex manifolds, then by choosing coordinates any 
holomorphic function f : X — Y can be locally described as a holomorphic function 
f :D—C:s0 we define the Milnor number of a critical point (see [31, Sec. II.4] for a proof 
that the choice of local coordinates is irrelevant). According to Lemma 2.1, the type of 
branching behavior described above occurs near each critical point. Moreover, the critical 
points are isolated so that if X is compact the (nonconstant) map f has only finitely many 
critical points. In particular, only finitely many Milnor numbers p(f,2), « € X are nonzero. 

Suppose now that 4 and T are two compact complex curves and f : %& > T is a noncon- 
stant holomorphic map. Topologically, they are 2-dimensional closed, oriented manifolds, 
Riemann surfaces. Their homeomorphism type is completely determined by their Euler 


10 Liviu I. Nicolaescu 


’ 
uw 


Figure 2.1: Visualizing the branched cover u > u3 


characteristics. Suppose y(T) is known. Can we determine y(%) from properties of f? 
The Riemann-Hurwitz theorem states that this is possible provided that we have some mild 
global information (the degree) and some detailed local information (the Milnor numbers of 
its critical points). 


Theorem 2.2. (Riemann-Hurwitz) Suppose deg f =d>0. Then 
x(Z) = dx(T) — So u(f,p)- 
pexX 


Proof Denote by t,--: ,t, € T the critical values of f. Fix a triangulation 7 of T 
containing the critical values amongst its vertices. Denote by V, £,F the set of vertices, 
edges and respectively faces of this triangulation. Hence 


X(T) = #V —-#E + #F. 


For each t € T set 


u(t) = u(f,p)- 
f(p)=t 


Observe that y(t) = 0 iff t is regular value. Moreover, a simple argument (see Figure 2.2) 
shows that 


(to) = ae #f*(t) — #f"* (to) =d-— #f"(to), Veo € T. (2.1) 


The map f is onto (why ?) and we can lift the triangulation 7 to a triangulation T=f (hf) 
of &. Denote by V, & and F the sets of vertices, edges and respectively faces of this 
triangulation. Since the set of critical points of f is discrete (finite) we deduce 


#E =d#E, #F =d#F. 
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x x 
1=0 — 
u=0 ee 
u=0 —— 
SS SS 
— 
SSS 
p=3 
a T 
Critical value Regular value 


Figure 2.2: A degree 10 cover 


Moreover, using (2.1) we deduce 


#V =d#T —) u(t) =d#T - > uP). 


teT 


Thus 


x(X) = #V —- #E+#F =d(#V - #E+#F)-S ul(f.p). 


Corollary 2.3. Suppose f :% — P! is a holomorphic map which has only nondegenerate 
critical points. If v is their number and d = deg f then 


y(Z) = 2d — v. 


§2.2 Genus formula 


We will illustrate the strength of Riemann-Hurwitz theorem on a classical problem. Consider 
a degree d plane curve curve, i.e. the zero locus in P? of a homogeneous polynomial P € Pa,2; 
X = Vp. As we have explained in Chapter 1, for generic P, the set Vp is a compact, one 
dimensional submanifold manifold of P?. Its topological type is completely described by 
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its Euler characteristic, or equivalently by its genus. We have the following formula due to 
Pliicker. (We refer to [31, Sec. II.2] for a more general version.) 


Theorem 2.4. (Genus formula) For generic P € Paz the curve Vp is a Riemann surface 
of genus 


(d — 1)(d — 2) 


g(Vp) = 9 


Proof We will use Corollary 2.3. To produce holomorphic maps Vp > P! we will use 
projections. Fix a line L Cc P? and a point C € P?\Vp. We get a projection map f : X 3 L. 

This is a degree d holomorphic map. Modulo a linear change of coordinates we can assume 
all the critical points are situated in the region zo # 0 and C is the point at infinity [0 : 1 : OJ. 
In the affine plane zo 4 0 with coordinates x = 2/29, y = 22/20, the point C' corresponds 
to the lines parallel to the x-axis (y = 0). In this region the curve Vp is described by the 
equation 


F (x,y) =0 


where F'(x,y) = P(1,2,y) is a degree d inhomogeneous polynomial. The critical points 
of the projection map are the points (x,y) on the curve F (x,y) = 0 where the tangent is 
horizontal 


Thus the critical points are solutions of the system of polynomial equations 


{ F(z,y) =0 
Pua, y) =0 


The first polynomial has degree d while the second polynomial has degree d—1. For generic 
P this system will have exactly d(d—1) distinct solutions. The corresponding critical points 
will be nondegenerate. Thus 


2 — 2(9(Vp) = x(Vp) = 2d — d(d — 1) 


so that 


Chapter 3 


Further examples of complex 
manifolds 


§3.1 Holomorphic line bundles 


A holomorphic line bundle formalizes the intuitive idea of a holomorphic family of complex 
lines (1-dimensional complex vector spaces). The simplest example is that of a trivial family 


where M is a complex manifold. Another nontrivial example is the family of lines tauto- 
logical parametrized by a projective space P™. 
More generally, a holomorphic line bundle consists of three objects. 


e The total space (ie. the disjoint union of all lines in the family) which is a complex 
manifold L. 

e The base (i.e the space of parameters) which is a complex manifold M. 

e The natural projection (i.e. the rule describing how to label each line in the family by a 
point in M) which is a holomorphic map 7: L > M. 


(L, 7, M) is called a line bundle if for every x € M there exist 


e an open neighborhood U of x in M; 
e a biholomorphic map VW: 1—'(U) + Cx U 


such that the following hold. 


e Each fiber Li, := 1~'(m) (m € M) has a structure of complex, one dimensional vector 
space. 
e The diagram below is commutative 


n—'(U) —“~—- Cx U 
DS rs 
U 
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e The induced map U(m) : Ly, > C x {m} is a linear isomorphism. 


The map W is called a local trivialization of L (over U). 

From the definition of a holomorphic line bundle we deduce that we can find an open 
cover (Ug)aca of M and trivializations Vg over Uy. These give rise to gluing maps on the 
overlaps Ugg := Ug 1 Ug. These are holomorphic maps 


960: Uap + Aut (C) = C 


determined by the commutative diagram 


Co ss i 


ages . Fas 


The gluing maps satisfy the cocycle condition 
Jay (m) , 98 (m) ; 9Ba(™) =I1¢, Va, B, EA, me Vopy = Ua Us q Uy. 


We can turn this construction on its head and recover a line bundle from the associated 
cocycle of gluing maps ggq. In fact, it is much more productive to think of a line bundles 
in terms of gluing cocycles. Observe that the total space L can be defined as a quotient 


(JJ ¢xUa)/~ 
acA 


where ~ is the equivalence relation 


Cx Uy > (2aiMa) ~ (Za,mg) € C x Ug > me = Mpg =m, 28 = 980M) Ze. 


Definition 3.1. A holomorphic section of a holomorphic line bundle L 4 M is a holo- 
morphic map 


u:M—oL 


such that u(m) € Lm for allm € M. We denote by Ojy(L) the space of holomorphic 
sections of L > M. 


Every line bundle admits at least one section, the zero section which associates to each 

m € M the origin of the vector space L,,. Observe that if a line bundle FL is given by a 

gluing cocycle ggq, then a section can be described by a collection of holomorphic functions 
fa: Uag74C 


satisfying the compatibility equations 


fe _ Ibala- 
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Example 3.2. The tautological line bundle. Intuitively, the tautological line bundle 
over P’ is the family of lines parameterized by P’. We will often denote its total space by 


tn. It is defined by the incidence relation 
ae {[2.4 ECN+1 YPN. xe ct. 
Notice that we have a tautological projection 


a:ty 3 PX, [2,8 


To show that ty is a complex manifold and (ry,7,P%) 


is a holomorphic line bundle we 


need to construct holomorphic charts on Ty and to construct local trivializations. We will 


achieve both goals simultaneously. Consider the canonical open sets 


U; = {[z0: +++: an] € PN; a #0} =", 4=0,--- ,N. 
Denote by (¢1,--: ,¢x) the natural coordinates on this open set 
_ ch Bhar] 2 k<i4 
Ck = Cx (2) 2=F { 2p | 24 k>i 
We can use these coordinates to introduce local coordinates (uo, u1,-*: ,un) on 


m(Ui) © {(20,-++ 203 € € CN x Ui (z0,-++ zw) € ah. 

More precisely, we set 
Uj = 2 WS Ds kh = Lowe aN 
Observe that the equalities (3.1) lead to the fundamental equalities 
Ze = Upsiuo, OS Kk <4, 2% = uo, 2% = Uguo, k> 4. 
We define a trivialization 
x 1(U;)) 9 Cx U; 

by 

m*(Uj) > (20.°+* 25) (zis Gaye Ow) = (wos ttn, ++ tw). 
From this description it is clear that the gluing cocycle is given by 

Gi (l203°+* 32) = 25/%- 

The zero section of this bundle is the holomorphic map 


u:PX = {0} x PX Gry CCN x PX, 


(3.2) 
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The image of the zero section is a hypersurface of 7, which in the local coordinates (u,) 
on 7~!(U;) is described by the equation 


ug = 0. 


Observe that the complement of the zero section in Ty is naturally isomorphic to C’ ** \ {0}. 
The isomorphism is induced by the natural projection 


By : PN \ tw(PY) +» CY*" \ {0}. 


The equation (3.2) represents a local coordinate description of the blowdown map Bn. 

To understand the subtleties of the above constructions it is instructive to consider the 
special case of the tautological line bundle over P!. The projective line can be identified 
with the Riemann sphere $? = C U {oo}. The two open sets Up and U; on P! correspond 
to the canonical charts 


Uy = Vy := S”\ South Pole, U, := Vs := S* \ North Pole 


with coordinates z = 21/29 (on Vy) and ¢ = 29/2 (on Vg) related by ¢ := 1/z. On the 
overlap 


Uoi = S? \ {North and South Pole} 

with coordinate z, the transition function gio is given by 
910(2) = gsn(z) = 21/20 = 2. 

The total space is covered by two coordinate charts 

Wn =1'(Un), Ws :=77'(Vw) 
with coordinates given by 

Zo = u,z, = uv, on Wn 

and 


Zo = uv, z, =u on Ws. 


There are several functorial operations one can perform on line bundles. We will describe 
some of them by explaining their effect on gluing cocycles. 

Suppose we are given two holomorphic line bundles L, L — M defined by the open cover 
(U,) and the holomorphic gluing cocycles 


GBa: 98a : Uap one 
The dual of L is the holomorphic line bundle L* defined by the holomorphic gluing cocycle 


1/96e Usa oC. 
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The tensor product of the line bundle L,L is the line bundle L @ L defined by the gluing 
cocycle 9go9Ba: 7 - 

A bundle morphism L — L is a holomorphic section of L @ L*. Equivalently, a bundle 
morphism is a holomorphic map L > L such that for every m € M we have (Lm) C Lim 
and the induced map Ly, > lie is linear. The notion of bundle isomorphism is defined in 
an obvious fashion. We denote by Pic(M) the set of isomorphism classes of holomorphic 
line bundles over M The tensor product induces an Abelian group structure on Pic(M). 
The trivial line bundle Cj, is the neutral element while the inverse of a line bundle is given 
by its dual. 

A notion intimately related to the notion of line bundle is that of divisor. Roughly 
speaking, a divisor is a formal linear combination over Z of codimension-1 subvarieties. We 
present a few examples which will justify the more formal definition to come. 


Example 3.3. (a) Suppose f : D > C is a holomorphic function defined on the unit open 
disk in C such that f—'(0) = {0}. The origin is a codimension one subvariety and so it 
defines a divisor (0) on D. We define the zero divisor of f by 


(f)o = n(0) 


where n is the multiplicity of 0 as a root of f. (n= Milnor number of f at zero +1.) 
(b) Suppose f : D — CU{oo} is meromorphic suppose its zeros are (¢;) with multiplicities n; 
while its poles are (1;) of orders (mj). The zero divisor of f is the formal linear combination 


(f)o = So mii 
i 
while the polar divisor is 


(foo = Somes 
J 


The principal divisor defined by f is 


(f) = (fo — (Poo = (fo — (1/F)o- 


Observe that if g : D > C is a holomorphic, nowhere vanishing function, then (gf) = (f). 
(c) More generally, if M is a complex manifold and f : M — CU {oo} is a meromorphic 
function, i.e. a holomorphic map f : M —> FP!, then the principal divisor associated to f is 
the formal combination of subvarieties 


(f) = (f-7) — (F-*(e0)). 


What’s hidden in this description is the notion of multiplicity which needs to be incorpo- 
rated. 
(d) A codimension 1 submanifold V of a complex manifold M defines a divisor on M. 


In general, a divisor is obtained by patching the principal divisors of a family of locally 
defined meromorphic functions. Concretely a divisor is described by an open cover (Uq) 
and a collection of meromorphic functions 


fa: Ug + CU {oo} 
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such that on the overlaps Ugg the ratios fo/ fg are nowhere vanishing holomorphic functions. 
This means that on the overlaps f, and fg have zeros/poles of the same order. 

A divisor is called effective if the defining functions f, are holomorphic. A meromorphic 
function f : M — CU {oo} defines a divisor (f) called the principal divisor determined 
by f. We denote by @ the divisor determined by the constant function 1. We denote by 
Div(M/) the set of divisors on M and by PDiv(/) the set of principal divisors. 

To a divisor D with defining functions f, one can associate a line bundle [D] described 
by the gluing cocycle 


Iba = fa/fa: 


If D, E are two divisors described by the defining functions fg and respectively gg, we 
denote by D + E the divisor described by fags. Also, denote by —D the divisor described 
by (1/fa). Observe that 


D+(-D)=0 
and (Div(M),+) is an abelian group, and PDiv is a subgroup. Since 
[D+ E] =[D] @[E), [-D] =[D]* in Pic(M) 
the map 
Div(M) 3 D+ [D] € Pic(M) 


is a morphism of Abelian groups. Its kernel is precisely PDiv(M) and thus we obtain an 
injective morphism 


Div(M)/PDiv(M) > Pic(M). 


A theorem of Hodge-Lefschetz states that this map is an isomorphism when M is an alge- 
braic manifold (see [14, Sec. 1.2]). 


Example 3.4. Consider the tautological line bundle ty > P%. Its dual is called the 
hyperplane line bundle and is denoted by Hy. If (U;)i=0,..., is the standard atlas on P” we 
see that Hy is given by the gluing cocycle 


99 = %/23- 
We claim that any linear function 
ALO ss C, (20, 21,°°+ ;2N) 9 aoz +:-: + anzn 


defines a section of H. More precisely define 
A; : U; —> Cc. A;([z0 ears zn]) = —A(zZo, S808 ,2N). 


Clearly 


Aj = (21/25) Ai = 971 Ai 
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which proves the claim. 
Similarly, any degree d homogeneous polynomial P in the variables zo,--- , zn defines a 
holomorphic section of H¢. We thus have constructed an injection 


Pan amd Opn (H*%). 


In fact, this map is an isomorphism (see [14, Sec. I.3]). 


§3.2. The blowup construction 


To understand this construction consider the following ideal experiment. Suppose we have 
two ants A;, Ag walking along two fibers of the tautological line bundle ty towards the 
image of the zero section. The ants have “shadows”, namely the points By (A;) € CN+! by 
S;, i= 1,2. These shadows travel towards the origin of C’*! along two different lines. As 
the shadows get closer and closer to the origin, in reality, the ants are far apart, approaching 
the distinct points of P’ corresponding to the two lines described by the shadows. This 
separation of trajectories is the whole point of the blowup construction which we proceed 
to describe rigorously. 

Suppose M is complex manifold of dimension N and m is a point in M. The blowup of 
M atm is the complex manifold Mm, constructed as follows. 


1. Choose a small open neighborhood U of M biholomorphic to the open unit ball B c C’. 
Set 


Un t= By (8B) Cons 
2. The blowdown map $y_ establishes an isomorphism 
Um \PN~! = B\ {0} &U \ {m}. 
Now glue Uj to M \ {m} using the blowdown map to obtain My. 


Observe that there exists a natural holomorphic map £ : Mm — M called the blowdown 
map. The fiber B~!(m) is called the exceptional divisor and it is a hypersurface isomorphic 
to P—!. It is traditionally denoted by E. Observe that the map 


B:Mn\ E> M\{m} 
is biholomorphic. 
Example 3.5. ty_1 is precisely the blowup of C’ at the origin 
Twi = Cy. 


Exercise 3.6. Prove that the blowup of the complex manifold M at a point m is diffeome- 
orphic in an orientation preserving fashion to the connected sum 


M#P% 


where P’ denotes the oriented smooth manifold obtained by changing the canonical orien- 
tation of P%. 
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Definition 3.7. Suppose m € M and S is a closed subset in M. The proper transform 
of S$ in Mj is the closure of 6-!(S \ {m}) in Mj. We will denote it by S?,. 


The following examples describes some of the subtleties of the proper transform con- 
struction. 


Figure 3.1: Proper transforms of singular curves 


Example 3.8. (a) Consider the set 
s= {2021 = 0} CM := Cc. 


It consists of the two coordinate axes. We want to describe cH C Mp. 
The blowup Mo is covered by two coordinate charts 


{Vo, (t9;%1)} 2 =U, 21 = uot } 
and 
{Vi (vo, V1); 21 = 0,20 = von}. 
Inside Vo, the set S’ \ E = 6—!(S \ 0) has the description 
usu, = 0, up #0 = u, = 0, up 40 
while inside V; it has the description 


vou, = 0, vp £0 => v1 = 0, v9 £0. 
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On the overlap Vo M Vi we have the transition rules 
ug: = 20 = Hovis Ua = 21/20 = 1/01: 


We see that S’ \ EN (Vo Vi) =. The proper transform of § consists of two fibers of the 
tautological line bundle 7, —> P!, namely the fibers above the poles (see Figure 3.1). 
(b) Consider 


SSeS he i=, 
Inside Vo the set S? \ E has the description 
So: us(1— uous) =0, uo 40 
while inside V; it has the description 
Si: ve(v9 — 0?) =0, v9 £0. 


Observe that the closure of Sp in Vo does not meet the exceptional divisor. The closure of 
S; inside Vj is the parabola vp = v? which is tangent to the exceptional divisor at the point 
v9 = 0 = v; (see Figure 3.1). 


Chapter 4 


Linear systems 


§4.1 Some fundamental constructions 


Loosely speaking, a linear system is a holomorphic family of divisors parametrized by a 
projective space. Instead of a formal definition we will analyze a special class of examples. 
For more information we refer to [14]. 

Suppose X <& P% is a compact submanifold of dimension n. Each P € Paw \ {0} 
determines a (possibly singular) hypersurface 


Vp := { {20 Lees Zn] € PY; P(zo,--- ,2N) =o}. 
The intersection 
Xp = X Vp 


is a degree-d hypersurface (thus a divisor) on X. Observe that Vp and Xp depend only on 
the image [P| of P in the projectivization P(d, N) of Paw. 

Each projective subspace U C P(d, N) defines a family (X P)[Pjeu of hypersurfaces on 
X. This is a linear system. When dimU = 1, i.e. U is a projective line, we say that the 
family (Xp)pey is a pencil. The intersection 


B= By := (| Xp 
is called the base locus of the linear system. The points in B are called basic points. 
Any point x € X \ B determines a hyperplane H, € U described by the equation 
He s= {Pe U; Pie) =U} 


The hyperplanes of U determine a projective space U, the dual of U. (Observe that if U is 
1-dimensional then U = U.) We see that a linear system determines a holomorphic map 


fu :Xe:= X\BoU, 24 Hy. 


We define the modification of X determined by the linear system (Xp) pey to be the variety 


A 


K = ky = {(e, HEX XU; P(x) =0, vwPeHcU}. 
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When dimU = 1 this has the simpler description 
Rae {(x,P) EXxU; P(a) =0< ce Vp}. 


We have a pair of holomorphic maps induced by the natural projections 


ee CX x U 
a Ne 
>) ee >U 
Observe that 7x induces a biholomorphic map x. — a (X,) — X, and we have a 


commutative diagram 


Xe 
va SG 
fu 


TT 
X. 


U 


In general, B and Xy are not smooth objects. Also, observe that when dimU = 1 the map 
f :X —U can be regarded as a map to U. 


Example 4.1. (Pencils of cubics) Consider two homogeneous cubic polynomials A, B € 
P3,2 (in the variables zo, 21, 22). For generic A, B these are smooth, cubic curves in P? and 
the genus formula tells us they are homemorphic to tori. By Bézout’s theorem, these two 
general cubics meet in 9 distinct points, p;,--- ,p9. For t := [to : t] € P! set 


Ce := {[z0 2 1 2 22] © B®; toA(20, 21, 22) + t1B(z0, 21, 22) = OF. 


The family C;, t € P', is a pencil on X = P’. The base locus of this system consists of the 
nine points p,,--- ,p9 common to all the cubics. The modification 


A 


X= { ([20,21,22]-t) E Pp? x P!; to A(Zo, 21, 22) + t,B(20, 21, 22) = o} 


is isomorphic to the blowup of X at these nine points 


A A 


x = Xp spo 

For general A, B the induced map t —» P! is Morse, and its generic fiber is a torus (or 
equivalently, an elliptic curve). The manifold X is a basic example of elliptic fibration. It 
is usually denoted by E(1). 


Exercise 4.2. Prove the claim in the above example that 


KK scenes 
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Remark 4.3. When studying linear systems defined by projective subspaces U C P(d, N) 
it suffices to consider only the case d = 1, i.e. linear systems of hyperplanes. This follows 
easily using the Veronese embedding 


Van 2 PY > P(d,N), [2] > [(a0)] = [jaja 


where 7 € CNT! \ {0} 


N N 
w = (wo,-*+ wv) € ZY41, wl = So wi, = |“ € P(|w|, NV). 


Any P= soiojeaPor” € P(d, N) defines a hyperplane in P(d, NV) 
Hp = ). pars = 0}: 
lai=e 
Observe that 
V(Vp) C Hp 
so that 


V(X A Vp) = V(X) N Hp. 


Definition 4.4. A Lefschetz pencil on X © P" is a pencil determined by a one dimen- 
sional projective subspace U > P(d, N) with the following properties. 


(a) The base-locus B is either empty or it is a smooth, codimension 2-submanifold of X. 
(b) X is a smooth manifold. 
(c) The holomorphic map f : X + U is a Morse function. 


If the base locus is empty, then X = X and the Lefschetz pencil is called a Lefschetz 
fibration. 


We have the following genericity result. Its proof can be found in [21, Sec.2]. 


Theorem 4.5. Fix a compact submanifold X ~ P'. Then for any generic projective line 
U Cc P(d,N), the pencil (Xp)peu is Lefschetz. 


§4.2 Projections revisited 


According to Remark 4.3, it suffices to consider only pencils generated by degree 1 polyno- 
mials. In this case, the pencils can be given a more visual description. 

Suppose X © P% is a compact complex manifold. Fix a N — 2 dimensional projective 
subspace A > P% called the axis. The hyperplanes containing A form a line in U C PN & 
P(1,.N). It can be identified with any line in PY which does not intersect A. Indeed if S$ is 
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such a line (called screen) then any hyperplane H containing A intersects S a single point 
s(H). We have thus produced a map 


US H4s(H)ES. 


Conversely, any point s € S determines an unique hyperplane [As|containing A and passing 
through s. The correspondence 


S38 [As] €U 


is the inverse of the above map; see Figure 4.1. The base locus of the linear system 


x 


Ss 


Figure 4.1: Projecting onto the “screen” S 


X= [As] NX) ses 


is B= XA. All the hypersurfaces X, pass through the base locus B. For generic A this 
is a smooth, codimension 2-submanifold of X. We have a natural map 


f:X\BoOS, eH [Ag]nS. 
We can now define the elementary modification of X to be 
X:= { (2,5) EX xS; « eX}, 


The critical points of f correspond to the hyperplanes through A which contain a tangent 
(projective) plane to X. We have a similar diagram 
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We define 
B:=11(B). 
Observe that 


B= {(b,s)€BxS; be [A] }=BxS, 


and the natural projection 7 : B > B coincides with the projection B x S — B. Set 
X,:= fo 's). 
The projection 7 induces a homeomorphism x ¢ > Xz. 


Example 4.6. Observe that when N = 2 then A is a point. Assume that X © P? is a 
degree d smooth curve as A ¢ X. We have used the above construction in the proof of the 
genus formula. There we proved that, generically, every Lefschetz pencil on X has exactly 
d(d — 1) critical points. 


Example 4.7. Suppose X is the plane 
{zg =O} SP OP. 


Assume A is the line z] = z2 = 0 and S is the line zg = z3 = 0. The base locus consists of 
the single point B = [1: 0:0: 0] € X. The pencil obtained in this fashion consists of all 
lines passing through B. 

Observe that S C X. Moreover, the line S can be identified with the line at oo in P?. 
The map f : X \ {B}— S determined by this pencil is simply the projection onto the line 
at oo with center B. The modification of X defined by this pencil is precisely the blowup 
of P Aten. 


Chapter 5 


Topological applications of 
Lefschetz pencils 


The existence of a Lefschetz pencil imposes serious restrictions on the topology of an al- 
gebraic manifold. In this lecture we will discuss some of them. Our presentation follows 
closely [21]. 


§5.1 Topological preliminaries 


Before we proceed with our study of Lefschetz pencil we need to isolate a few basic facts of 
algebraic topology. An important technical result in the sequel will be Ehresmann fibration 
theorem. 


Theorem 5.1. ((12, Ehresmann]) Suppose ® : E > B is a smooth map between two 
smooth manifolds such that 


e © is proper, i.e. ®-!(K) is compact for every compact K C B. 
e ® is a submersion, i.e. dim FE > dim B and F has no critical points. 
e If OE #90) then the restriction O® of ® to OE continues to be a submersion. 


Then ® : (E,0E) > B is a smooth fiber bundle, i.e. there exists a smooth manifold 
F,, called the standard fiber and an open cover (U;)ier of B with the following property. 
For every i € I there exists a diffeomorphism 


U,:8-1(U;) 9 Fx U; 
such that the diagram below is commutative. 


(-1(U;), (88)""(Ui)) be (FOF) x U; 


o> 
U; 


The above result implies immediately that the fibers of ® are all compact manifolds 
diffeomorphic to the standard fiber F’. 
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Exercise 5.2. Use Ehresmann fibration theorem to show that if X © P% is an n-dimensional 
algebraic manifold and P,, P2 € Pan are two generic polynomials then 
Vp, OX Saiz feo X 1 Ve,. 
Hint: Consider the set 
2 := {(a,[P]) € X x P(d,N); P(x) = 0} 
Show it is a complex manifold and analyze the map 
nt: Z-—+P(d,N), (2,[P])  [P]. 


Prove that the set of its regular values is open and connected and then use Ehresmann fibration 
theorem. 


In the sequel we will frequently use the following consequence of the excision theorem 
for singular homology. 


Suppose f(X,A) > (Y,B) is a continuous mapping between pairs of compact Euclidean 
neighborhood retracts (ENR’s), such that 


f:X\ASY\B 
is a homeomorphism. Then f induces an isomorphism 


fx : H.(X, A; Z) > H(Y, B;Z). 


Instead of rigorously defining the notion of ENR let us mention that the zero set of a 
smooth map fF’: R” — R”™ is an ENR. We refer to [4, Appendix E] for more details about 
ENR’s. 


Exercise 5.3. Prove the above excision result. 


In the sequel, unless otherwise stated, H,(X) (resp. H*(X)) will denote the integral 
singular homology (resp. cohomology) of the space X. For every compact oriented, m- 
dimensional manifold M denote by PDyy the Poincaré duality map 


H'(M) > Hm—q(M), uneun[M]. 
The orientation conventions for the N-product are determined by the equality 
(vUu,¢e) = (v,une), 


where (e,e) denotes the Kronecker pairing H* x H, — Z. This convention is compatible with 
the fiber-first orientation convention for bundles. Recall that this means that if F 9 E > B 
is a smooth fiber bundle, with oriented base B and standard fiber F then the total space is 
equipped with the orientation 


or(£) = or(F’) A or(B). 
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§5.2 The set-up 
Suppose X <> P is an n-dimensional algebraic manifold, and S C P(d,.N) is a one dimen- 


sional projective subspace defining a Lefschetz pencil (X;),¢5 on X. As usual, denote by 
B the base locus 


B=()X. 


ses 


and by X the modification 


A 


K = {(a,s) € Xx §; @ X,}. 


We have an induced Lefschetz fibration f : X > S with fibers 
, = f(s) 
and a surjection 
Dp: See we 
which induces homeomorphisms X, > X,. Observe that deg p = 1. Set 
B:=p }(B). 
Observe that we have a tautological diffeomorphism 
BoO=BxS, B2 («,s) 4 (a,s)€ Bx S. 
Since S = S? we deduce from Kiinneth theorem that we have an isomorphism 
H,(B) = H,(B) ® Hy—-2(B) 

and a natural injection 

Hy-2(B) > H,(B), Hy-2(B) 3c cx [S] € H,(B). 
Using the inclusion map B - X we obtain a natural morphism 

«: Hy-2(B) > H,(X). 

Lemma 5.4. The sequence 


0 > Hy-2(B) 4 H,(X) 3 H,(X) 3 0 (5.1) 


is exact and splits for every q. In particular, X is connected iff X is connected. 
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Proof The proof will be carried out in several steps. 


Step 1 p, admits a natural right inverse. Consider the Gysin morphism 
p: Hy(X) > H,(X), p' = PDzp* PD, 
ie. the diagram below is commutative. 


H?"-4(X) —— H,(X) 


H™-1(X) > Hy(X) 


We will show that p,p' = 1. Let c € H,(X) and set u:= PDy'(a), uN[X] =c. Then 


Then 
pxp'(c) = pep* (u) Mp. ([X]) = u Mp. ([X]) = deg p(u N [X]) = «. 


Step 2. Conclusion We use the long exact sequences of the pairs (X,B), (X,B) and the 
morphism between them induced by p,. We have the following commutative diagram 


A 


Hysi(X) ——> Hyyi(X,B) 2+ Hy(B) @ Hy-2(B) —> H,(X) H,(X,B) 
[> b [ l» E 
Hoai(X) A,(X, B) 


The excision theorem shows that the morphisms p, are isomorphisms. Moreover, p, is 
surjective. The conclusion in the lemma now follows by diagram chasing. 
Exercise 5.5. Complete the diagram chasing argument. 

Decompose now the projective line S into two closed hemispheres 


S:=D,UD_, S'=D,ND_, Xz:=f (Ds), Xo:= f(s?) 


such that all the critical values of f : X > S are contained in the interior of D,. Choose 
a point e on the Equator 0D, = S'. Denote by r the number of critical points (= the 
number of critical values) of the Morse function f . In the remainder of this chapter we will 
assume the following fact. Its proof is deferred to Chapter 7. 


The topology of complex singularities 31 


Lemma 5.6. (Key Lemma). 


II 


Hy(X4, Xe) 


0 if qAn=dimxX 
Z" if q=n 


Remark 5.7. The number of r of nondegenerate singular points of a Lefschetz pencil 
defined by linear polynomials is a projective invariant of X. Its meaning when X is a 
plane curve was explained in Chapter 1 and we computed it explicitly in Chapter 2. A 
similar definition holds in higher dimensions as well; see [21]. 


§5.3 Lefschetz Theorems 


All of the results in this section originate in the remarkable work of S. Lefschetz [23] in the 
1920’s. We follow the modern presentation in [21]. 
Using Ehresmann fibration theorem we deduce 


pene x D_, Xo = Xx! 
so that 
(X_,Xo) = X. x (D_,S?). 
X, is a deformation retract of X_. In particular, the inclusion 
XX 
induces isomorphisms 
H,(X.) = H,(X_). 
Using excision and Kitinneth formula we obtain the sequence of isomorphisms 


Hy-2(X.) “5! Hy(X. x (D_, S!)) © Ha(X_, Xo) PF Hy(X,X4). (5.2) 


Consider now the long exact sequence of the triple (X,X4, X.), 
A A A A A A fo) A 
0 > Hpi (X4, Xe) > Hgpi(X, Xe) 4 Hg1(X,X4) 4 Hy (X4, Xe) 4° 


If we use the Key Lemma and the isomorphism (5.2) we deduce that we have the isomor- 
phisms 


L: Hoyi(X, Xe) 9 Hy 1(Xe), An, n—-1, (5.3) 
and the 5-term exact sequence 
0 5H, XX) SX) SS Ay A KS AR KS XS OU | GA) 


Here is a first nontrivial consequence. 
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Corollary 5.8. If X is connected and n = dim X > 1 then the generic fiber X, = X, is 
connected. 


Proof Using (5.3) we obtain the isomorphisms 
Ho(X, Xe) & H_o(Xe) =0, Hi (X,X.) = H_1(X.) =0. 
Using the long exact sequence of the pair (X ; X,) we deduce that 
Ho(X.) = Ho(X). 


Since X is connected, Lemma 5.4 now implies Hy(X ) = 0 thus proving the corollary. 


Remark 5.9. The above connectivity result is a holomorphic phenomenon and it is a 
special case of Zariski’s Connectedness Theorem, [32], or [37, vol. II]. The level sets of a 
smooth function on a smooth manifold may not be connected. The proof of the corollary 
does not overtly uses the holomorphy assumption. This condition is hidden in the proof of 
the Key Lemma. 


The next result generalizes the Riemann-Hurwitz theorem for Morse maps 
f:X%—3FP', ¥% complex algebraic curve. 
Corollary 5.10. 


x(X) = 2x(X.) + (-1)"r, 


Proof From (5.1) we deduce 
x(X) = x(X) + x(B). 
On the other hand, the long exact sequence of the pair x ‘ Ke) implies 
x(X) — x(Xe) = x(X, Xs). 


Using (5.3), (5.4) and the Key Lemma we deduce 


Thus 


and 


The topology of complex singularities 33 


Example 5.11. Consider again two cubic polynomials A,B € P3. defining a Lefschetz 
pencil on P? <> P3. We can use the above corollary to determine the number r of singular 
points of this pencil. More precisely we have 


x(P*) = 2x(X.) — x(B) +r. 


We have seen that B consists of 9 distinct points. According to the genus formula the 
generic fiber, which is a degree 3 curve, must be a torus, so that y(X.) = 0. Finally, 
x(P') = 3. We deduce r = 12 so that the generic elliptic fibration 


has 12 singular fibers. 


Exercise 5.12. Suppose X is an algebraic surface (dim X = 2) and (X;,),cpi defines a 
Lefschetz fibration with generic fiber X, of genus g. Express the number of singular fibers 
of X in terms of topological invariants of X and X.. 


Exercise 5.2 shows that the diffeomorphism type of a hypersurface VpMX is independent 
of the generic polynomial P of fixed degree. Moreover, for general P, the hypersurface can be 
included in a Lefschetz pencil. Hence, studying the topological properties of the embedding 


Vpnx 3X 


is equivalent to studying the topological properties of the embedding X, 3 X. 


Theorem 5.13. (Lefschetz Theorem on hypersurface sections) The inclusion 
X,OX 
induces isomorphisms 
Hy(Xe) > Hq(X) 
ifq< ; dime Xe =n-—1 and an epimorphism if q=n—1. Equivalently, this means 


Hy(X,X.) =0, Va<n-1. 


Proof We will used an argument similar to the one in the proof of (5.3), (5.4). More 
precisely, we will analyze the long exact sequence of the triple (X,X, UB, X. UB). 
Using excision we deduce 


Hy(X,X,UB) = H,(X,X,UB x D_) = H,(X_, Xp UB x D_) 
(use Ehresmann fibration theorem) 


~ H,((Xe, B) x (D_,S')) © Hy-2(Xe, B). 
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Using the Excision theorem again we obtain an isomorphism 
ps: Hy(X,X.U B) = Hy (X, X.). 
Finally, we have an isomorphism 
H,(X,UB,X, UB) = H,(X4,X.). (5.5) 


Indeed, excise B x Int (D_) from both terms of the pair (X, UB, X, U B). Then 


X,UB\ (Bx Int (D_)) = X, 
and, since X. B = {e} x B, we deduce 
X.UB\ (Bx Int (D_)) = Xu (Dy x B). 
Observe that 


A 


KX. (Ds x B) = {0} xB 


and D, x B deformation retracts to {e} x B. Hence X. U (Dp. x B) is homotopically 


equivalent to X, thus proving (5.5). 
The long exact sequence of the triple (X, X, UB, X. U B) can now be rewritten 


Cee Fins (BS Ok JS HS) Se oh XB) as 
Using the Key Lemma we obtain the isomorphisms 
L' : Hy(X, Xe) > Hy-2(Xe.B), gen, n+1 (5.6) 
and the 5-term exact sequence 


Oe Ayes XX) Boi Xe B) Sy eS BO) Sy KB) 0: 
(5.7) 


We now argue by induction over n. The result is obviously true for n = 1. Observe that B 
is a hypersurface in X,, dimc X, = n — 1, and thus, by induction, the map 


Hy(B) + Hq(X-) 


is an isomorphism for gq < n — 2 and an epimorphism for g = n — 2. Using the long exact 
sequence of the pair (X., B) we deduce that 


Hy| Xe; B) =0,. Vo an 2 
Using (5.6) we deduce 
H,(X, Xe) ¥ Hq-o(Xe,B) %0, Vasn-1. 


We can now conclude the proof using the long exact sequence of the pair (X, X.). 
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Corollary 5.14. If X is a hypersurface in P” then 
be( 20) = bg (P"), VER 1 2: 
In particular, if X is a hypersurface in P? then b,(X) =0. 
Consider the connecting homomorphism 
O: Hy(X4,X.) + Hn—1(Xo) 
Its image 


V = 0(Ha(X4,X.) ) C Hy-1(Xe) = Haig x (Xe) 
is called the module of vanishing cycles. Using the long exact sequences of the pairs 
(X,,X.) and (X,X.) and the Key Lemma we obtain the following commutative dia- 
gram 


Hy (Xj Xe) =. nat Xs) —— Hy-1(X+) 0 
Pl = | p2 + )/P3 
0 
Ay (X, Xe) — or n-1(Xe) <_< n-1(X) 0 


All the vertical morphisms are induced by the map p: X + X. The morphism p, is onto 
because it appears in the sequence (5.7) where Hy,_2(X., B) = 0 by Lefschetz hypersurface 
section theorem. p2 is clearly an isomorphism since p induces a homeomorphism X= X. 
Using the five lemma we conclude that p3 is an isomorphism. The above diagram shows 
that 


ve ker(i, CH if Xs Hn-1(X)) = Image (a Hee Xs by ak) ). (5.8) 


rk Hy_1(Xe) =rkV +rk Hy_1(X). (5.8b) 


These observations have a cohomological counterpart 


H"(X4, Xe) = H?-“"(X,) —— H™1(X4) 0 
mono — 
TR FR) 0 


This diagram shows that 


[ex ker( 9 : HX) > H"(X,,X.) } ~ ker(65 » H™-1(X,) > H(X, X,)) 
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~ Im (i* : HX) > H™-"(X,)). 
Define the module of invariant cycles to be the Poincaré dual of I* 
TS {u n[X]j; we r} C Hy-1(Xe) 
or equivalently 
[=Im (i Haia(X) Hn1(Xe)), i! = PDx,i*PDy. 
Since i* is 1 — 1 on H"—!(X) we deduce i' is 1 — 1 so that 
thi =TkA, tx) aH thy X): (5.9) 
The last equality implies the following result. 
Theorem 5.15. (Weak Lefschetz Theorem) 
TRAg (Xe) STRICT: 
Using the Key Lemma, the universal coefficients theorem and the equality 
f= ker (6 ee ee H"(X,,%.)), 
we deduce 
i= {w € H"-'(X.); (w,v) =0, We v}. 


Observe that n — 1 = 4 dim X, and thus, the Kronecker pairing on Hy_1(Xe) is given by 
the intersection form. This is nondegenerate by Poincaré duality. Thus 


f= {y € Hy-1(Xs); yu =0, We v}. (5.10) 


eK 
Let us summarize the facts we have proved so far. We defined 


V := image (a HC KS Hn1(Xe) ), 


I := image G : Anyi(X) 9 Hn-1(Xe) ) 


and we showed that 


Ve ker(i. Hy Ss Hn1(X)), 
Hg (Xt | Bye Xe) 18 = Ty 
I= {y € Hy-1(X.); y-v =0, We vi, 
teb= Ph gat A) — thy eX J 


rk An -a(Xe) = rk I+rk V. 


Chapter 6 


The Hard Lefschetz theorem 


The last theorem in the previous section is only the tip of the iceberg. In this chapter we 
enter deeper into the anatomy of an algebraic manifold and try to understand the roots 
of the weak Lefschetz theorem. In this chapter, unless specified otherwise, H,.(X) denotes 
the homology with coefficients in R. Also, assume for simplicity that the pencil (X5).¢p1 
consists of hyperplane sections. (We already know this does not restrict the generality.) We 
continue to use the notations in Lecture 5. Denote by w € H?(X) the Poincaré dual of the 
hyperplane section X., i.e. 


[X.] =w [X]. 


§6.1 The Hard Lefschetz Theorem 


For any cycle c € H,(X), its intersection with X, is a new cycle in X, of codimension 2 in 
c, ie. a (q — 2)-cycle. This intuitive yet unrigorous operation can be formally described as 
the cap product with w 


wt): Ha(X) + Hg_2(X) 


which factors through X, 


Hy-2(X) 


Proposition 6.1. The following statements are equivalent. 


Vor=0. (HL}) 


V 61 SA: (HL») 
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tx: Hn—1(Xe) 3 Hn-1(X) maps I isomorphically onto Hy_1(X). (HL3) 
The map w0: Hn4ii(X) 4 Hn-1(X) is an isomorphism. (HL,) 


The restriction of the intersection form on Hn1(Xe) to V remains nondegenerate. 
(HL;s) 


The restriction of the intersection form to I remains nondegenerate. (HL) 


Proof The weak Lefschetz theorem shows that (HL;)<= > (HL2). 
(HL2)=— > (HL3). Use the fact established in Chapter 5 that 


V= ker(i. My seen ee Hn1(X)). 
(HL3)—> (HL,). In Chaper 5 we proved that i’ : Hy41(X) > Hn-1(Xe) is a monomor- 
phism with image J. By (HL3), i, : J ~ Hn_i(X) is an isomorphism. 


(HL,)— (HLs) If i, 07! = wN : Hn4i1(X) + Hn—1(X) is an isomorphism then we conclude 
that i, : Im(i') = I + Hp_1(X) is onto. In Lecture 5 we have shown that dimJ = 
dim H,-1(X) so that 7, : Hp—1(X.) > Hn—-1(X) must be 1 — 1. 


(HL2)=— (HL;), (HL2)= > (HLe). This follows from the fact established in the previous 
lecture that I is the orthogonal complement of V with respect to the intersection form. 


(HL;)= > (HL;) and (HL,¢)= > (HL). Suppose we have a cycle c € VN J. Then 
c€l=c-v=0, Wev 

while 
c€V=Sc:-2=0, Vzel. 


When the restriction of the intersection from to either V or I is nondegenerate the above 
equalities imply c=0so that VOI =0. 


Theorem 6.2. (The Hard Lefschetz Theorem) The equivalent statements (HL )-(HL¢) 
above are true (for the homology with real coefficients). 


This is a highly nontrivial result. Its complete proof requires a sophisticated analytical 
machinery (Hodge theory) and is beyond the scope of these lectures. We refer the reader 
to [14, Sec.0.7] for more details. In the remainder of this chapter we will discuss other 
topological facets of this remarkable theorem. 
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§6.2 Primitive and effective cycles 
Set 
Xo — X, X1 — Xe, X92 := B 


so that X;41 is a generic smooth hyperplane section of X;. We can iterate this procedure 
and obtain a chain 


Xp DX, D Xe D-:- DX, DO. 


so that dimX, = n — q, and X, is a generic hyperplane section of Xg_1;. Denote by 
Ig C Hn—q(Xq) the module of invariant cycles, 


C= Image(t i: arn 6. Fe HecGG)) 
and is Poincaré dual 
Ii = Image G : H"-"(X,1) 4 H"-4(X,)) =D Up: 
The Lefschetz hyperplane section theorem implies that the morphisms 
te? Hg CXg) > Ba Sd 
are isomorphisms for k + q < n. We conclude by duality that 
i: H*(X;) + H*(X,), G<@) 


is an isomorphism if k +q <n. 
Using (HL3) we deduce that 


ig Lp SX) 


is an isomorphism. Using the above version of the Lefschetz hyperplane section theorem we 
conclude that 


i, maps Ig isomorphically onto Hy_-4(X). (t) 
Now observe that 
I; = Image(é* : H"~4(Xg_1 3 H"~"(X,)) 
and, by Lefschetz hyperplane section theorem we have the isomorphisms 
HX) > BOG A). 
Using Poincaré duality we obtain 


i maps Hy+4q(X) isomorphically onto Ig. (tt) 
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Iterating (HL¢) we obtain 
The restriction of the intersection form of H,_,(X) to I, remains non-degenerate. ({{T) 
The isomorphism 7, carries the intersection form on J, to a nondegenerate form on 


An—q(X) = Hn4q(X). When n — q is odd this a skew-symmetric form, and thus the non- 
degeneracy assumptions implies 


dim Hy_¢(X) = dim An+9(X) € 2Z. 
We have thus proved the following result. 
Corollary 6.3. The the odd dimensional Betti numbers bop41(X) of X are even. 


Remark 6.4. The above corollary shows that not all even dimensional manifolds are alge- 
braic. Take for example X = S$? x S'. Using Kiinneth formula we deduce 


py Sa 


This manifold is remarkable because it admits a complex structure, yet it is not algebraic! 
As a complex manifold it is known as the Hopf surface (see [7, Chap.1]). 


The q-th exterior power w! is Poincaré dual to the fundamental class 
[Xq] € Hon—2q(X) 


of X,. Therefore we have the factorization 


A) 3 Beni) 


ta 
wih 


Hy—2q(X) 
Using (t+) and (+) we obtain the following generalization of (HL,). 
Corollary 6.5. For q=1,2,--- ,n the map 
wt: Ansq(X) 4 An-q(X) 
is an isomorphism. 


Clearly, the above corollary is equivalent to the Hard Lefschetz Theorem. In fact, 
we can formulate and even more refined version. 


Definition 6.6. (a) An element c € Hy+4(X), 0 <q < nis called primitive if 
wittne=0. 


We will denote by P,+q(X) the subspace of H,+9(X) consisting of primitive elements. 
(b) An element z € Hy_,(X) is called effective if 


wz=0. 


We will denote by E,—4(X) the subspace of effective elements. 
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Observe that 
¢ © An4q(X) is primitive — > w4 Nc € Hy_-¢(X) is effective. 


Roughly speaking, a cycle is effective if it does not intersect the “part at infinity of X”, 
X 1 hyperplane. 


Theorem 6.7. (Lefschetz decomposition) (a) Every element c € Hn+¢q(X) decomposes 
uniquely as 


c=eotwNatw*Neat-: (6.1) 


where cj € Hn49+2;(X) are primitive elements. 
(b) Every element z € Hy—q(X) decomposes uniquely as 


z=wiNnazatwttt nat: (6.2) 
where 2; © Hn+9q42;(X) are primitive elements. 
Proof Observe that because the above representations are unique and since 
(6.2) = w?N (6.1) 


we deduce that Corollary 6.5 is a consequence of the Lefschetz decomposition. 
Conversely, let us show that (6.1) is a consequence of Corollary 6.5. We will use a 
descending induction starting with g = n. Clearly, a dimension count shows that 


Pop (X) = Hon (X), Pon1(X) = Hon_1(X) 


and (6.1) is trivially true for gq = n,n — 1. For the induction step it suffices to show that 
every element c € Hy49(X) can be written uniquely as 


c=cotwe, cy € Antg42(X), co © Prig(X)- 
According to Corollary 6.5 there exists an unique z € Hy+49+2(X) such that 
wt? zg=wilt Ne 
so that 
6. = CHW EF X 
To prove uniqueness, assume 
O=cotwNea, co € Pr4g(X). 


Then 


0=w A (ep +wNa) |S wt? Ng 0O— « =~0—> coc — 0. 
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The Lefschetz decomposition shows that the homology of X is completely determined 
by its primitive part. Moreover, the above proof shows that 


0 < dim Patg = On+q — bn+q+2 = On—q — Yn—q-2 
which imply 
1 = bo < bg S++ < Danja}, b1 < b3 < +++ < ba (m—-1)/2)-41; 


where |x| denotes the integer part of x. These inequalities introduce additional topological 
restrictions on algebraic manifolds. For example, the sphere S* cannot be an algebraic 
manifold because bo(S*) = 0 < bo(S*) = 1. 


Chapter 7 


The Picard-Lefschetz formulze 


In this lecture we finally take a look at the Key Lemma and try to elucidate its origins. 
We will continue to use the notations in the previous two lectures. This time however H,(—) 
will denote the homology with Z-coefficients. 


§7.1 Proof of the Key Lemma 


Recall that the function f : X — P! is Morse and its critical values t),--+ ,tp are all in D4. 
We denote its critical points by p1,--- ,p,, so that 
f(pj) = ty, V3- 


We will identify D4, with the unit disk at 0 € C. Let us introduce some notations. Let 
g=l,---yr. 


Vv Denote by D; a closed disk of very small radius p centered at t; € D,. If p< 1 these 
disks are pairwise disjoint. 
Vv Connect e € OD, tot; +p € OD; by a smooth path ¢; such that the resulting paths 
£,--- ,& are disjoint (see Figure 7.1). Set kj := @; UD;, €= U4; and k = Uk;. 
v Denote by B; a small ball in X centered at Dj: 

The proof of the Key Lemma will be carried out in several steps. 


Step 1 Localizing around the singular fibers. Set L := f~!(@) and K := f7!(k). We will 
show that X, is a deformation retract of L and K is a deformation retract of X+ so that 
the inclusions 


Re) SO Eee DB) 


induce isomorphisms of all homology (and homotopy) groups. 
Observe that k is a strong deformation retract of D, and e is a strong deformation 
retract of 2. Using Ehresmann fibration theorem we deduce that we have fibrations 


h a Se fiXE\ SP hse itr} 4 Dy \ {t1,--- sty}. 


Using the homotopy lifting property of fibrations (see [16, §4.3] we obtain strong deformation 
retractions 


DK Ka Ap ek ee RAG kate ed 
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Figure 7.1: Isolating the critical values 


Step 2 Localizing near the critical points. Set Tj := f71(D;) By ty = 7 Gt prs; 


T:= LIe. F:= UF. 


The excision theorem shows that the inclusion 
(B, F) > (K,L) 


induces an isomorphism 


r 
CD 4. (Tj, F;) + H.(K, L) = Hy(X4,X0). 
j=l 


Step 3 Conclusion We will show that for every 7 = 1,--- ,r we have 


0 if q#AdimcX =n 
HT, Fs) = { Z if q=n. 


At this point we need to use the nondegeneracy of p;. To simplify the presentation, in the 
sequel we will drop the subscript 7. 

We can regard B as the unit open ball B centered at 0 € C” and 7 as a function 
BC such that f(0) = 0 and 0 € B is a nondegenerate critical point of f. By making B 
even smaller we can assume the origin is the only critical point. At this point we want to 
invoke the following classical result. It is a consequence of the more general Tougeron finite 
determinacy theorem which will be proved later in this course. For a direct proof we refer 
to the classical source [27]. 


Lemma 7.1. (Morse Lemma) There exist local holomorphic coordinates (z1,-+-+ ,2n) in 
an open neigborhood 0€ U C B such that 


flu atte + % 
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A 
f 


Figure 7.2: Isolating the critical points 


By making B even smaller we can assume that it coincides with the neighborhood 
U postulated by Morse Lemma. Now observe that T and F can be given the explicit 
descriptions 


= {(as- $25) Saree, D2 < p} (7.8) 


P= F,:= {z€T; #7 =o}. 
i 
The description (7.1) shows that T can be contracted to the origin. This shows that the 
connecting homomorphism 
H,(T,F) > Hy-ilf) 


is an isomorphism for g # 0. Moreover Ho(T,F) = 0. The Key Lemma is now a 
consequence of the following result. 


Lemma 7.2. F,, is diffeomeorhic to the disk bundle of the tangent bundle TS"-!. 


Proof Set z;:= uj +iv;, @ = (ui,-+- jun), 8 = (v1,-++ , Un), [a]? = 4 us, jal? = Fre 
The fiber F’ has the description 


“|? =pt+|s’?, @-e=0ER 
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jal? + ja)? < e?. 
Now let 
E:= (9+ |v?) 7z € R®. 
In the coordinates €, @ the fiber F’ has the description 
J? =1, €-F=0, 2s? < e? —p. 
The first equality describes the unit sphere $”~! C R”. The condition 
ETSTLe 


shows that @ is tangent to S”~! at €. The last inequality shows that the tangent vector 
@ has length < ./(e? — p)/2. It is now obvious that F is the disk bundle of TS"—!. This 
completes the proof of the Key Lemma. Hf 


§7.2. Vanishing cycles, local monodromy and the Picard-Lefschetz for- 
mula 


We want to analyze in greater detail the picture evolving from the proof of Lemma 7.2. 
Denote by B a small closed ball centered at 0 € C” and consider 


f: BAC fiz) sete te. 


We have seen that the regular fiber of F = F, = f—'(p) (0 < p <1) is diffeomorphic to a 
disc bundle over a n — 1-sphere Sp of radius \/p. This sphere is defined by the equation 


Sp:= {8 =O} N f-'(p) —> {7 =0, al? =p}. 


As p > 0, ie. we are looking at fibers closer and closer to the singular one Fy = f~!(0), the 
radius of this sphere goes to zero , while for p = 0 the fiber is locally the cone 27 +---+22 = 
0. The homology class in F’ carried by this collapsing sphere generates H,_j(F'). This 
homology class was named vanishing cycle by Lefschetz. We will denote it by A (see Figure 
7.3). The proof of the Key Lemma in the previous section shows that Lefschetz’ vanishing 
cycles coincide with what we previously named vanishing cycles. 

Observe now that since 0 : H,(B,F) + Hy_\(F) is an isomorphism, there exists a 
relative n-cycle Z € H,(B, F’) such that 


OZ =A. 


Z is known as the thimble determined by the vanishing cycle A. It is filled in by the family 
(S,) of shrinking spheres. In Figure 7.3 it is represented by the shaded disk. 


Exercise 7.3. Find an equation describing the thimble. 


Denote by D, C C the open disk of radius r centered at the origin and by B, C C” 
the ball of radius r centered at the origin. We will use the following technical result whose 
proof is left to the reader as an exercise. 
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de gts 
Lit Ly =0 


Figure 7.3: The vanishing cycle for functions of n = 2 variables 


Lemma 7.4. For any p,r > 0 such that r? > p the maps 


fi Xep= (2, \ Fo) n f-1(Dp) + Dy \ {0} =: D’, 


fo* OXpp = OBEN f (Do) > Dp 
are proper, surjective, submersions. 
Exercise 7.5. Prove the above lemma. 


Set r= 2, p=1+e, (0<e <1), X = Xp pat4e, B = Bo, D = Di 4-. According to 
the Ehresmann fibration theorem we have the fibrations 


FOX 


| 
D\ {0} 


with standard fiber the manifold with boundary F & f~!(1) MN By and 


OF — 0x 


| 


D 
with standard fiber OF = f~'(1) NOB. We deduce that OX is a trivial bundle 


OX =OF xD. 
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We can describe one such trivialization explicitly. Denote by M the standard model for 
the fiber, incarnated as the unit disk bundle determined by the tangent bundle of the unit 
sphere S”—! <> R”. M has the algebraic description 


M = {(@,3) ER" xR"; jg) =1, @-3=0, al <i}. 
Note that 
OM = { (@,8) ER" x R"; || = 1 = |al, at-o=oh. 
As in the previous section we have 
ee padpa ya Gi Sts la pa a2 a2 
F=faj={z=#+igeC: la? +igP <4 la? =1+ 9", z-7=0} 
and a diffeomorphism 
i —- ——+ 7 
; (1+|g/?)'/? 2 
®:FOM, FI7Z=#f+ijH , @=4/-. 
v=ay 


Its inverse is given by 


Set 
Fy := f7'(w) AB, 0< |u| <1-+e. 
Note that 
Faw = {E+ig; |? =a +g, 2-7=0, a? +|gl2=4h. 
For every w =a+ib € D, define 
Ty: OFy 3 OM, OFy DF +i ; 
3 = c3(w) (97 + co(w)#) 


where 


ae i b 84+2a \v? 
aw) =(2) aw =-pe, ow = (FASS). ra 


The family (Pw)\wj<i+e defines a trivialization 0X + 0M x D. 
Fix once and for all this trivialization and a metric h on OF. We now equip 0X with 
the product metric ga := h@ ho where ho denotes the Euclidean metric on D,;. Now extend 
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ga to a metric on X and denote by H the sub-bundle of TX consisting of tangent vectors 
g-orthogonal to the fibers of f. The differential f, produces isomorphisms 


Tact Hy => T(p)Di: Va € Xe: 


In particular, any vector field V on Dj admits a unique horizontal lift, i.e. a smooth section 
V* of H such that f,(V") = V. 

Fix a point * € 0D* and suppose w : [0,1] + D* is a closed path beginning and ending 
at * 


w(0) = w(1) =*. 


Using the horizontal lift of w we obtain for each p € f~'(*) a smooth path Wy, : [0,1] + X 
which is tangent to the horizontal sub-bundle H and it is a lift of w starting at p, ie. the 
diagram below is commutative 


(X,p) 


We get in this fashion a map 
hw: F = fo'(#) + f"(#), pr Gp(1). 


The standard results on the smooth dependence of solutions of ODE’s on initial data show 
that hy is a smooth map. It is in fact a diffeomorphism of F’ with the property that 


hw |ar= lor. 


The map hy is not canonical because it depends on several choices: the choice of trivial- 
ization OX = OF x D,, the choice of metric h on F and the choice of the extension g of 
ga- 

We say that two diffeomorphisms Go, G : F > F such that G; |ar=1or are isotopic if 
there exists a homotopy 


G:[0,1jxFoF 


connecting them such that for each t the map G; = G(t,e) : F > F is a diffeomorphism 
satisfying G; |9r= lg for all t € [0, 1]. 

The isotopy class of h,, : # + F is independent of the various choices listed above and 
in fact depends only on the image of w in 7(D*,*). The induced map 


fig i DP) SH) 
is called the monodromy along the loop w. The correspondence 


h:m(Dz,*) 3 w+ hy € Aut (H,(F) ) 
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is a group morphism called the local monodromy. Since hy |ar= lar we obtain another 
morphism 

h:1(D*,*) + Aut (H.(F, OF) ) 


which will continue to call local monodromy. 
Observe that if z € H,(F, OF) is a relative cycle (ie. z is a chain such that 0z € OF) 
then for every y € 7(D5,*) we have 


Oz = Ohyz => O(z — hwz) = 0 
so that (z — hyz) is a cycle in F’. In this fashion we obtain a map 
var : 7 (D*,*) > Hom (Hy-1(F, OF) > An-i(F)), vary(z) = hyz -— z 


(z € Hyi(F, OF), y € m(D*,*)) called the variation map. 
The vanishing cycle A € H,_;(F’) is represented by the zero section of M described in 
the (@, 0) coordinates by @ = 0. It is oriented as the unit sphere S”~! G R”. Let 


a+ = (+1,0,---,0)€ A, Py = (@4,0) eM. 


The standard model M admits a natural orientation as the total space of a fibration where 
we use the fiber-first convention of Chapter 6 


or(total space)=or(fiber) A or(base). 


We will refer to this orientation as the bundle orientation. 
Near P, € M we can use as local coordinates the pair (€,7), € = (u2,-+: ,Un), 7 = 
(v2,°++ ,Un). The orientation of A at %, is given by 


dug \--- A dun 2s data A+++ AN dim. 
The orientation of the fiber over u+ is given by 
dvg \-++A dun es dya A+++ A dyn. 
Thus 
OV bundle = dv2 A+++ A dun A dug A+++ A dun <> dyg A+++ A dyn A datz A+++ Adan 


On the other hand, F’ has a natural orientation as a complex manifold. We will refer to it as 
the complex orientation. The collection (z2,--+ , 2p) defines holomorphic local coordinates 
on F near ®7! so that 


Orcompler = dx2 \ dy2 N-+: AN din A dyn. 
We see that ! 
= epee 


Or complex = OL bundle: 


'This sign is different from the one in [3] due to our use of the fiber-first convention. This affects the 
appearance of the Picard-Lefschetz formule. The fiber-first convention is employed in [21] as well. 
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Any orientation or on F defines an intersection pairing 
An—-i(F) x Hy-i(F) > Z 
formally defined by the equality 
C1 tor C2 = (PDox (ix (c1)), €2) 
where i, : Hn_i(F') > Hn-i(F, OF) is the inclusion induced morphism, 
PDor: H" | (F) > Hn-1(F,0F), uv un [F] 


is the Poincaré-Lefschetz duality defined by the orientation or and (—,—) is the Kronecker 
pairing. More concretely, to compute the self-intersection number of the generator A € 
H,-1(F) slightly perturb inside F the sphere S representing A, 


SSS 


so that? Sp h Dp and then count the intersection points with appropriate signs determined 
by the chosen orientation. For that reason, the self-intersection number of A is 
AoW (1 PA Rees is" Ss") 
(7.3) 
_ J 0 if nis even 
~ | 2 if n is odd 


Above e denotes the Euler class of TS”~!. 
Observe also that there exists an intersection pairing 


Hy1(F, OF) x Hy1(F) > Z, uorv = (PD (u), v) 
which produces a morphism 
Ay-i(F, OF) > Hom(Ay_-1(F),Z), 2+ 2 *or 


Let us observe this is an isomorphism. Denote by V € Hn-1(F,OF) the relative cycle 
carried by an oriented fiber of the disk bundle of T'S"—! (see Figure 7.3) so that 


VoAH=1. 


Hence, the image of V in Hom(H,_1(F),Z) = Z is a generator. On the other hand, by 
Poincaré-Lefschetz duality we have 


Hy1(F,OF) 2 A" (FF) 2H" \(s* |) 2Z 


so that V must be a generator of Hp_i(F, OF). 
The variation map is thus completely understood if we understand its effect on V (see 
Figure 7.4). At this point we can be much more explicit. The loop 


*-h=transverse intersection 
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Figure 7.4: The effect of monodromy on V 


yo: [0,1] >t w(t) =e?" 


generates the fundamental group of D*. We denote by var : Hyj-1(F,0F) > Hn_i(F) the 
variation along this loop. Observe that 


var (V) =m-A 
where 
m := Vo var (V). 
We want to describe the integer m explicitly. We have the following fundamental result. 
Theorem 7.6. (Local Picard-Lefschetz formulz) 


m=(-1)” 


vary, (5) = (—1)"(5 0 AJA = (-1)"FY/2(5 * AYA, V6 € Hn_1(F, OF). 
Proof ({18, Hussein-Zade]) The proof consists of a three-step reduction process. Set 
E := f-\(0D,) NB. 
FE is a smooth manifold with boundary 
JE = f~'(8D,) NOB, 


It fibers over OD, and the restriction OF — S' is equipped with the trivialization (Pw) o[=1- 
Observe that ® |gr=T. Fix a vector field V on E such that 


f.(V) = 27 Og and V lon-arxg):= 27 Op. 
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Denote by py, the time t-map of the flow determined by V. Observe that p, defines a 
diffeomorphism 


be BS Faye) 


compatible with the chosen trivialization [,, of OF. More explicitly, this means that the 
diagram below is commutative. 


TQ, 


OF OM 
Mt lou 
Ty 


Consider also the flow Q; on & given by 


> 


Q,(Z) = exp(rit)Z = (cos(rt)Z — sin(rt)y) + i(sin(at)Z% + cos(rt)y). 


This flow is periodic, satisfies 


but it is not compatible with the chosen trivialization of OE. 
We pick two geometric representatives T. of V. In the standard model M the represen- 
tative consists of the fiber over 7, and is given by the equation 


u = Uy. 
it is oriented by dv A--- A dun. Its image in F via ®~! is described by the equation 
#= (14 |g?/o?) 7a, — > 2 >0, 2g =--- =a, =0, 


and is oriented by dyg A--: A dyn. 

The representative T_ is described in M as the fiber over @_. The orientation of S”~! 
at w_ is determined by the outer-normal-first convention and we deduce that it is given by 
—duz A--: \duy. This implies that T_ is oriented by —dv2 A--: A du. Inside F' the the 
chain T_ is described by 


#= (14 |g? /o?) 7a, — 2, <0, 2g =---= 2, =0, 


and is oriented by —dyzg A--- A dyn. Note that Q; = —1 so that, taking into account the 
orientations, we have 


04(T,) = (-1)"T_ = (-1)"V. 


Step 1. m= (-1)"1(T,) 0 1 (T+). Note that 


m=Vo (41 (T}) — T+) =T- © (ui (T+) — T+). 
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Observe that the manifolds T; and T_ in F are disjoint so that 
m = T_ o p(T) = (-1)"Q1 (Ty) © 1 (Ty). 


Step 2.) (4(T+) omi(Ty) = O4(T,) o ui (T,), Vt € (0,1). To see this observe that the 
manifolds 2)(T) and p;(T+,) have disjoint boundaries if 0 < t < 1. Hence the deformations 
O1(Te) + O1-s(1-4 (T+) wi (T+) 4 Hi—sai—t (T_) do not change the intersection numbers. 


Step 3. 0:(T,) om4(T,) = 1 if t > 0 is sufficiently small. Set 


At := (Ty), Be = we(T). 
Denote by C; the arc 
C= { exp(2nit); 0<t< c}. 
Extend the trivialization [ : OE |¢c.—+ OM x C; to a trivialization 
T:El|o,>7MxC, 
such that 
Pip=o, 


For t € [0,<] we can view (9 and jp, as diffeomorphisms u,,h; : M — M such that the 
diagrams below are commutative. 


We will think of A; and B; as submanifolds in M 
Ay =u(Ty), By = hi(Ty) 


Observe that hi |am= 1m so that B,(T,) is homotopic to T; via homotopies which are 
trivial along the boundary. Such homotopies do not alter the intersection number and we 
have 


Ayo By = Ayo Ty. 
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Observe now that along OM we have 
wy = 8, := OT yw oly". (7.4) 


Choose 0 < r < 1/2. For t sufficiently small the manifold B; lies in neighborhood 


U, ={EmM Ki<n asi} 
of the point P, € M, where we recall that € = (ue,--+ ,un) and 7 = (v2,-+- , Un) denote 
local coordinates on M near P,. More precisely if P = (u,v) is ? point of M near P, then 


its (€,7) coordinates are pr(u,@), where pr : R® x R” — R"~! x R"! is the orthogonal 
projection 


(u,v) ara (u2,°°: » Un; V2,°°° ee 


We can now rewrite (7.4) entirely in terms of the local coordinates (€, 77) as 


1) 
Bide. _ Sy 
w4(€, 7) = Sp := pro Q, 0 Pz) fe) ry (wig, é i). 


Now observe that 5S; is the restriction to OF of a (real) linear operator 


feels Re) Ss et xR, 


More precisely, 


where 


21 Wr ae ge eis ee Oe 


sin(rt) cos(zt) 
and cp(t) := cr(w(t)), & = 1,2,3. The exact description of c,(w) is given in (7.2). We 
can thus replace A; = «;(T;,) with L;(T_) for all ¢ sufficiently small without affecting the 
intersection number. Now observe that for ¢ sufficiently small 
. oe d 
Ly=In+tly + Olt"), Lo = i lt-o Li. 
Now observe that 


Ly = C(0)C(0)-! + C(0) JC(0)“!,, J = R(0) = 7 | ne | 


Using (7.2) with a = cos(2zt), b = sin(27t) we deduce 


ai(0) = 2 >0, #0) =0. 50) S =>0 
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2 
é(0) = 63(0) =0, (0) = 
Thus 
_ 20 0 0 sli s. AW) 0 
ow) 25 Be alt C0) -| 0 aw 
4.2% | 0.9 
C(0)C(0) 35 | ex(0) 
Next 


The upshot is that the matrix ba has the form 


in=| 5 fall a,b> 0. 


For ¢ sufficiently small we can now deform A; to (Zp + t£Lo)(T,.) such that during the 
deformation the boundary of A; does not intersect the boundary of T,. Such deformation 
again do not alter the intersection number. Now observe that “; := (Lo + t£Lo)(T) is the 

portion inside U, of the (n — 1)-subspace 
4 . 0 —tar 
+ (Eo + the) | 2 | =| 5 F 
ip ( ae ‘ 

It carries the orientation given by 

(—tadug + dv) A--- A (—tadun + dun). 


Observe that “1; intersects the (n —1)-subspace T; given by & = 0 transversely at the origin 
so that 


yt ie) Ty =a 
The sign coincides with the sign of the real number v defined by 


vdvg \-++ \ dun A dug A+++ A dun, 


= (—taduz + dv2) A--+ A (—tadun + dun) A dvg A+++ A dun 
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= (—ta)”" dug A+++ A dun A dug A+++ A dun 


= (-1) PDO? dg A+++ A dy A dig A+++ A din 
Since (n — 1) + (n — 1)? is even we deduce that v is positive so that 
1= yt ° Ti — 0.(T) ° p(T), VO<t<1. 


This completes the proof of the local Picard-Lefschetz formula. Hi 


Remark 7.7. For a different proof we refer to [25]. For a more conceptual proof of the 
Picard-Lefschetz formula we refer to [3, Sec.2.4]. We will analyze this point of view a bit 
later. 


§7.3. Global Picard-Lefschetz formulz 


Let us return to the setting at the beginning of Section 7.1. Recall that the function 


f:X3S2P 
is Morse and its critical values 1,--- ,f, are all in D;. We denote its critical points by 
Pi,°** ;Pr, 8O that 

f (py) = tj, V3- 


We will identify D1, with the unit disk at 0 € C. Let us introduce some notations. Let 
g=l.---yr. 


Vv Denote by D; a closed disk of very small radius p centered at t; € D,. If p< 1 these 
disks are pairwise disjoint. 

Vv Connect e € OD, tot; +p € OD; by a smooth path 4; such that the resulting paths 
£,-:+ ,& are disjoint (see Figure 7.1). Set kj := £; UD;, €= U4; and k = Uk;. 

v Denote by B; a small ball in X centered at Dj: 


Denote by 7; the loop in Dx \ {t1,--- ,t-} based at e obtained by traveling along ¢; 
from e to ¢; +p and then once, counterclockwise around 0D; and then back to e along @;. 
The loops y; generate the fundamental group 


G:= 7™(S*,e), S*:=P' \ {t1,--- , tp}. 
Set 
X} = f(s"). 
We have a fibration 


(ae tee 
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and, as in the previous section, we have an action 
u:G— Aut (A,(X.) ) 


called the monodromy of the Lefschetz pencil. ; 
From the above considerations we deduce that for each critical point p; of f there 


A 


exists a cycle A; € Hy_1(X~) corresponding to the vanishing cycle in a fiber near p;. It 
is represented by an embedded $”~! with normal bundle isomorphic (up to orientation) to 
TS"—!. In fact, using (7.3) we deduce 


0 if nis even 
Ney= (-1)n"D2( (-1)""") = _2 if n=-1 mod4 
2 if n=1 mod4 


This cycle bounds a thimble, 7; € H,(X,X-e) which is described as this sphere shrinks 
to p;. Using the localization procedure in the first section and the local Picard-Lefschetz 
formule we obtain the following important result. 


Theorem 7.8. (Global Picard-Lefschetz formule) (a) For q #n—1=dimc Xz, the 


A 


action of G on Hy(X.) is trivial i.e. 
vary, (2) := My, (z)-2=0, Vze Hy(Xe). 


(b) If 2 © Hyn_1(Xe) then 


vary; (2) ?= My, (z) — 2 = (SO AA, 


Exercise 7.9. Complete the proof of the global Picard-Leftschetz formula. 
Hint Set B := U;B;, F; = fo'(t; +p) B;. Use the long exact sequence of the pair 
(X., X.\B) and the excision property of this pair to obtain the natural short exact sequence 


0 Hn—1(X. \ B) 4 Hy—1(Xe) 3 DB An-1 (Fj, OF)) 


where the last arrow is given by 
J 
Definition 7.10. The monodromy group of the Lefschetz pencil is the subgroup of 
6 c Aut (Aiea OG) ) generated by the monodromies j1,. 
Remark 7.11. Suppose n is odd so that 
Aj : A; = a meee 


Denote by q the intersection form on L := Hy_1(X.). It is a symmetric bilinear form 
because n — 1 is even. An element u € L defines the orthogonal reflection 


R,: LeER-LOR 
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uniquely determined by the requirements 
t(x) 
R,(z) =x2+t(a)u, q(u,z+ >) =0, Vee LOR 


_ 2q(2,4) 


<= Ryle) = a a) 


We see that the reflection defined by A; is 


This is precisely the monodromy along y;. This shows that the monodromy group © is a 
Coxeter group. 


Chapter 8 


The Hard Lefschetz theorem and 
monodromy 


We now return to the Hard Lefschetz theorem and establish its connection to monodromy. 
The results in this lecture are essentially due to Pierre Deligne. We will follow closely the 
approach in [21]. We refer to [26] for a nice presentation of Deligne’s generalization of the 
Hard Lefschetz theorem and its intimate relation with monodromy. 


§8.1 The Monodromy Theorem 


In the proof of the Key Lemma we learned the reason why the submodule 
V : Image (a Ho Rey Ss Hn (Xe) } ames 


is called the vanishing submodule: it is spanned by the vanishing cycles A;. We can now 
re-define the sub-module I by 


T:= {y € Hn-1(Xe); y- Aj =0, Vy} 
(use the global Picard-Lefschetz formulz) 


S4y OH 1 Xe); dy Se Vat 
We have thus proved the following result. 


Proposition 8.1. I consist of the cycles invariant under the action of the monodromy 
group ®. 


Theorem 8.2. (The Monodromy Theorem) For the homology with real coefficients the 


following statements are equivalent. 


(a) The Hard Lefschetz Theorem (see Lecture 6). 
(b) V =0 or V is a nontrivial simple 6-module. 
(c) Hn-1(X-) is a semi-simple 6-module. 
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Proof (b) == (c). Consider the submodule IV of V. Since V is simple we deduce 
INV =0 or INV=V 0. 


The latter condition is impossible because 6 acts nontrivially on V. Using the weak Lef- 
schetz theorem 


dim I + dimV = dim Hy_1(X.) 


A A 


we deduce that Hy-1(X.) =I @V so that Hp_1(X-~) is a semi-simple 6-module. 


(c) ==> (a). More precisely, we will show that (c) implies that the restriction of the inter- 
section form q on H,_;(X.) to I is nondegenerate. 
Denote by / the dual module of J. We will show that the natural map 


is onto. Let u € I. Since Hy_1(Xe) is semi-simple the 6-module J admits a complementary 
6-submodule M such that 


Hy_-1(Xe) =I @M. 


We can extend wu to a linear functional U on Hp_1(X~) by setting it =0 on M. Since q is 


A 


nondegenerate on H,_\(X.) there exists z € Hy 1(X.) such that 
U(xz)=q(z,c4+y), Ve ByYETOM. 
Ifge6c Aut (Hn-1(Xe), q) then, since © acts trivially on J and 6M C M we deduce 
q(9z,e +y) =4(z.9-(@+y)) =a(z,2+9"'y) =U(a), Vay El@M. 


Thus 6z = z = z€ I. This proves that the above map I > J is onto. 


(a) = > (b). More precisely, we will show that if the restriction of qg to V is nondegenerate, 
then V = 0 or V is a nontrivial simple 6-module. We will use the following auxiliary result 
whose proof is deferred to the next section. 


Lemma 8.3. (a) The elementary monodromies ju, := [y,,°** Hr 1= My, are pairwise con- 
jugate in © that is, for any i,j € {1,--: ,r} there exists g = gj; € © such that 


[i = Gg 


(b) For every i,j € {1,--- ,r} there exists g = gi; € & such that 


+A; = gA;. 
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Suppose F’ C V is a G-invariant subspace and x € F \ {0}. Since q is nondegenerate on 
span {A;} = V we deduce there exists A; such that 


Now observe that 


py c= atq(x, Aj)A; 


so that 
(eee ( jer 
=F Gh gL - 2 : 


Thus span (6A;) C F. From Lemma 8.3 (b) we deduce 


span(6A;) =V. 


§8.2 Zariski’s Theorem 


The proof of Lemma 8.3 relies on a nontrivial topological result of Oskar Zariski. We will 
present only a weaker version and we refer to [15] for a proof and more information. 


Proposition 8.4. If Y is a (possibly singular) hypersurface in PX then for any generic 
projective line L > P the inclusion induced morphism 


m(L\Y) > (PX \Y) 
is onto. 


Remark 8.5. The term generic should be understood in an algebraic-geometric sense. 
More precisely, a subset S of a complex algebraic variety X is called generic if its complement 
X \ S is contained in the support of a divisor on X. In the above theorem, the family Ly 
of projective lines in P’ is an algebraic variety isomorphic to the complex Grassmanian 
of 2-planes in CN*+!. The above theorem can be rephrased as follows. There exists a 
hypersurface W C Ly, such that for any line L € Ly \ W the morphism 


m(L\Y) > ™(P% \Y) 
is onto. 


Observe that a generic line intersects a hypersurface along a finite set of points of 
cardinality equal to the degree d of the hypersurface Y. Thus L \ Y is homeomorphic to a 
sphere S? with d points deleted. Fix a base point b € L\Y. Any point p € LNY determines 
an element 


Y € m(L\ Y,b) 


obtained by traveling in L from 6 to a point p’ € L very close to p along a path @ then going 
once, counterclockwise around p along a loop A and then returning to b along ¢. Thus, we 
can write 


Yp = erent, 
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Lemma 8.6. Suppose now that 


e Y is a, possibly singular, degree d connected hypersurface. 
e Lo, L1 are two generic projective lines passing through the same point b € PN \ Y and 
0p EC LNY,1=0,1. 


Then the loops 
Yp; € mi (Li \ Y,b) > m(P% \ Y, 8) 


are conjugate in 7(PN \ Y,b). 


Figure 8.1: The fundamental group of the complement of a hypersurface in PN 


Sketch of proof For each y € Y denote by Ly, the projective line determined by the 
points 6 and y. The set 


ZL = {y EY; m(Ly\Y,b) > m(P% \Y,b) is not onto} 


is a complex (possibly singular) subvariety of codimension < 1. In particular Y* := Y \ Z 
is connected. 

Denote by U a small open neighborhood of Y @ P%. (When Y is smooth U can be 
chosen to be a tubular neighborhood of Y in P’.) Connect the point pp to p, using a 
generic path p(t) in Y* and denote by Up a small tubular neighborhood of this path inside 
U. We write 


Vp; = firil; , 1=0,1 
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and we assume that the endpoint q; of ¢; lives on Ly, 1U. Now connect qo to q, by a smooth 
path along OU and set w = Ip ley" (see Figure 8.1). By inspecting this figure we obtain the 
following homotopic identities 


Wp, ww! =p! £-11p* = loAolg' = po 


Proof of Lemma 8.3 (outline) Assume for simplicity that the pencil (X;)sc5 on X 
consists of hyperplane sections. Recall that the dual X C P% of X is defined by 


X= {H € P%: all the projective lines in H are either disjoint or tangent to X \. 
More rigorously consider the variety 
W ={(2,H)€XxP; ve Hh. 


equipped with the natural projections 
WwW 
yN 
xX py 


The X is the discriminant locus of m2, i.e. it consists of all the critical values of 72. One 
can show (although it is not trivial) that X is a (possible singular) hypersurface in P% (see 
[21, Sec 2] or [38] for a more in depth study of discriminants. In Chapter 9 we will explicitly 
describe the discriminant locus in a special situation.) 

The Lefschetz pencil (X,)s¢s is determined by a line S C P’. The critical points of the 
map f : X — S are precisely the intersection points S MX. The fibration 


XAOS 8 Ati 4 SSX 
is the restriction of the fibration 
mo: W\ my '(X) 3 PY\ X 
to S \ X. We see that the monodromy representation 
pe: 14 (S*,0) + Aut (Hn-1(X-)) 
factors trough the monodromy 
ju: m (PN \ X,e) > Aut (Hp_i(X.) ) 


Using Lemma 8.6 we deduce that the fundamental loops 7;, 7; € 71(S*,¢) are conjugate in 
m (PX \ X,e). Since the morphism 


ix 2 11 (S*, 0) + (PX \ X,0) 
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is onto, we deduce that there exists 
such that 


Hence 


u(y) = Bigg”) € ©. (8.1) 


This proves the first part of Lemma 8.3. 
To prove the second part we use the global Picard-Lefschetz formulz to rewrite the 
equality 


u(yig) = Hg) € © 
(x - Aj)g(Aj) = (g(x) - AAG, Va € Hn-1(Xe;R). (8.2) 


By Poincaré duality, the intersection pairing is nondegenerate so that either A; = 0 (so 
A; = 0) or x - A; 4 0 which implies 


g(A;) =cA;, cER*. 
To determine the constant c we use the above information in (8.2). 


oa Aji = (g(a) - As)Ai = (a 7 M(Ai) Ai = A(0- Aj)As 


Hence c? = +1 so that 


g(A;) = +A,;. a 


Chapter 9 


Basic facts about holomorphic 
functions of several variables 


Up to now we have essentially investigated the behavior of a holomorphic function near 
a nondegenerate critical point. To understand more degenerate situations we need to use 
more refined techniques. The goal of this chapter is to survey some of these techniques. In 
the sequel, all rings will be commutative with 1. 


§9.1 The Weierstrass preparation theorem and some of its consequences 


The Weierstrass preparation theorem can be regarded as generalization of the implicit 
function theorem to degenerate situations. To state it we need to introduce some notations. 

For any complex manifold M and any open set U C M we denote by Oy(U) the ring 
of holomorphic functions U > C. 

Denote by O,,, the ring of germs at p € C” of holomorphic functions. More precisely, 
consider the set F, of functions holomorphic in a neighborhood of p. Two such functions 
f.g are equivalent if there exists a neighborhood U of p contained in the domains of both f 
and g such that 


flv=g |v 


The germ of f € Fp at p is then the equivalence class of f, and we denote it by [f],. Thus 
Onn = {Uli f € Fo}. 


For simplicity we set O; := Ono. The unique continuation principle implies that we can 
identify O,, with the ring C{z1,--- , zn} of power series in the variables z1,--- , 2, convergent 
in a neighborhood of 0 € C”. For a function f holomorphic in a neighborhood of 0, its germ 
at zero is described by the Taylor expansion at the origin. 


Lemma 9.1. The ideal 
Mt, ={f On; f(0) =0} 
is the unique mazimal ideal of On. In particular, On is a local ring. 
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Proof Observe that f € Oy is invertible iff 
f(0) F0 <> f EO, \Mn 


which proves the claim in the lemma. 


Lemma 9.2. (Hadamard Lemma) Suppose f € C{z1,-++ ,2nj;Wi,°*: Wm} satisfies 
Gee pO ier , Wm) = 0. 


Then there exist fi,--- fn € Clzi,-++ ,2n;W1,°°+ ,Wm} such that 


951 
Notice that the above lemma implies that St, is generated by 21,-°-- , Zn. 
Proof 
1 n 1 n 
df (tz; w) lave = 
Flew) = Few) ~ F050) = [Fa = Da fo se ttewiat = Do aflsw) 


where the functions f; are clearly holomorphic in a neighborhood of 0. This completes the 
proof of Hadamard’s Lemma. 


An important tool in local algebra is Nakayama Lemma. For the reader who, like the 
author, is less fluent in commutative algebra we present below several typical applications 
of this important result. 


Proposition 9.3. (Nakayama Lemma) Suppose R is a local ring with maximal ideal m. 
If EF is a finitely generated R-module such that 


ECcm-E 
then EF = 0. 


Proof Pick generators u1,--- ,u, of HF. We can now find al, €m,i,j =1,--- ,n such that 
Uj = So ajui, Vj =1,--+ ,n. 
i 


We denote by A the n x n matrix with entries ai. and by U the n x 1 matrix with entries 
in FB 


U1 
i— 
Un 
We have 
(1— A)U =0. 


Since det(1 — A) € 1+ is invertible we conclude that U = 0. 
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Corollary 9.4. Suppose R is a local ring with maximal ideal m, FE, F R-modules such that 
F is finitely generated. Then 


FCESFcE4nF. 


Proof The implication => is trivial. To prove the converse notice that 
FCF E4+mF = F/(FNE) cm(F/(FNE)). 


The desired conclusion follows by applying Nakayama Lemma to the module F'/(F NE). @ 


Corollary 9.5. Suppose R is a local ring with maximal ideal m, F is a finitely generated 
ideal and %1,-++ ,&%m € F. Then x1,--+- , an generate F if and only if they generate F/mF. 


Proof Use Corollary 9.4 for the submodule FE of F' generated by 21,--- ,2,. Hf 
We will present the Weierstrass preparation theorem in a form suitable for the applica- 
tions we have in mind. 


Definition 9.6. An analytic algebra is a C-algebra R isomorphic to a quotient ring O,,/2 
where 2 .C Or, is a finitely generated ideal. 


Note that an analytic algebra R = O,,/2 is a local C-algebra whose maximal ideal Itz 
is the projection of 9t, C O,. Hadamard’s lemma shows that the maximal ideal tp is 
generated by the images of the coordinate germs 21,--- , Zn. 

A morphism of analytic algebras R, S is a morphism of C-algebras u: R — S. 


Exercise 9.7. Prove that a morphism of analytic algebras u: R > S is local, ie. 
u(Mp) C Meg. 


A morphism of analytic algebras u : R — S is called finite if S, regarded as an R- 
module via wu is finitely generated. In other words, there exist 51,--- , 3m € S such that for 
any s € S there exist r1,---rn € R so that 


s=ulry)s1 +--+ + ul(rn)sn- 
Example 9.8. A holomorphic map F' : C” + C™ induces a morphism of analytic algebras 
BPI On Om fF Sf OF: 


If F* is finite then m =n, F is proper, and maps neighborhoods of 0 to neighborhoods of 
0. 


A morphism of analytic algebras u: R — S is called quasi-finite if the morphism 
ui: R/Mr=C — S/(u(MeR)) 


induces a finite dimensional C-vector space structure on S/(u(Mp)), where (u(Ntr)) 
denotes the ideal generated by u(2tr). Clearly, a finite morphism is quasi-finite. 
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Lemma 9.9. u: R- S is quasi-finite if and only if there exists r € Z4 such that 


s C (u(MR)).- 


Proof Suppose S = O,,/2. We denote the coordinates on C” by &1,:-- ,&m. Suppose u 
is quasi-finite. Then for some p > 0 the germs 1, ;,--- are linearly dependent modulo 
(u(Mr)), VI <9 <_m. For all 1 < 7 < m there exist 


0, 4j1,°°* ,Ajp EC, 
not all equal 0, such that 
ajo + a1) +--+ , +ajpEF © (u(Mte)). 
If ajo,-** ,@j(v-1) = 0 and aj, # 0 (v = v(7)) then we deduce that for some a € Ms we 


have 
(1 +0) € (u(Mtr)). 
This implies €/? € (u(9tp)). Thus 
u quasi — finite => dr > 0: MGC (u(MtR)). 


The converse is obvious. Hf. 


We have the following fundamental result. For a proof we refer to [19, §3.2], [33, Chap2]. 


Theorem 9.10. (Genral Weierstrass Theorem) A morphism of analytic algebras u : 
R->S is a finite if and only if it 1s quasi-finite. 


Let us present a few important consequences of this theorem. 


Corollary 9.11. Suppose u: R > S is a homomorphism of analytical algebras. Then 
$1,°** Sp € S generate S as an R-module if and only if their images 31,--+ , 5p in S/(u(Mr)) 
generate the C-vector space S/(u(Ntr)). 


Proof Suppose 3; generate S/(u(Mp)). Then u is quasi-finite. Now the elements s; 
generate S modulo Its so that by Nakayama lemma they must generate the R-module S. 


| 
Definition 9.12. Consider a holomorphic map F': U Cc C; > C; 
(x1, X2, See is) aa (y1, Y2; eRe Un) = (Fite); F(x), oa , Fi, (2)) 


such that F(po) = 0. The ideal of F at po is the ideal Ip = Ippy, C On, generated by 
the germs of F,,--- , Ff, at po. The local algebra at po of F' is the quotient 


Qr = QF,po ca On.po/Tr- 
F is called finite at po if the morphism 
F*: On, F(po) oer On, pos f WH FF of 


is finite. The integer p = (F, po) := dimc Qp, is called the multiplicity of F at po. 
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Corollary 9.13. Consider a holomorphic map 
F:UcC3C, 24 (Fi(2),:-- ,Fn(2)) 


such that F(0) =0. Then the following are equivalent. 

(i) F is finite at 0. 

(ii) dimc Qp < oo. 

(iii) There exists a positive integer fu such that IN, C Ip. (We can take u = dimc Qr.) 


Proof We only have to prove (ii) => (iii). Set 4 := dimc Qpr. We will show that given 
91s°** 5 9u © My then 


9°°° Oy © Ir. 


The germs 1, 91, 9192,°** »9192°** 9, ave linearly dependent in QF so there exist co, €1,°+* , ey € 
C, not all equal to zero, such that 


co + C191 Cag ++ Op © Ie. 


Let c, be the first coefficient different from zero. Then 


91° ° Or (c + Cr4igrti tet + Cugr4.-** 4u) coe hae 
The germ within brackets is invertible in O, so that g:---9, € Ir. @ 


Definition 9.14. Suppose 0 € C” is a critical point of f € MN, C C{z1,--- , zn}. Then the 
Jacobial ideal of f at 0, denoted by 3(f), is the ideal generated by the first order partial 
derivatives of f. Equivalently 


SP Ol =f pa dee 


where df is the gradient map 


df: C® + C*, ea2n (Se. the). 


The Milnor number of 0 is the multiplicity at 0 of the gradient map. We denote it by 
u(f,0). 


Exercise 9.15. Show that 0 is a nondegenerate critical point of f € St, if and only if 
w(f,0) = 1. 


Corollary 9.16. Suppose f € C{z1,--+ ,2n} ts regular in the z-direction, 1.e. 
g(2n) = £(0,+++ ,0,2n) FO € C{zn}. 
Denote by p the order of vanishing of g(zn) at 0 so that 
gm) = 2P2h(zn), (0) #0. 


We have the following. 
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(Weierstrass Division Theorem) For every y € C{z1,--- , Zn} there exist 


qe C{z,-°: Oats Bis re+ bp Chaise iPpky 


such that 
P . 
g=af tS dak. 
i=1 
(Weierstrass Preparation Theorem) There exists an invertible u € C{z1,--- , zn} and 
a1,°** , Ap & C{z1,-°° re 


such that a;(0) =0 and 
P . 
fau-(h+ Vrajet), 
j=l 
Definition 9.17. A holomorphic germ P € O,, of the form 
BR . 
Page 4 age, ag € On-1 
j=l 


such that a (0) = 0 is called a Weierstrass polynomial. 


Proof Let 
R:=C{21,-* ,2n-1};. 9 := Clai,--- zn} /(f). 
We denote by u: R > S the composition of the inclusion 
Cia ee ea eay 
followed by the projection 


Class , Zn} a? Clzi,++ 2nt/(f). 
The Weierstrass division theorem is then equivalent to the fact that the elements 1, zp,--- , zp} 
generate S over R. By Corollary 9.11 it suffices to show that their images in S/(u(Mp)) 
generate this quotient as a complex vector space. Now observe that 


[o.e) 


f (21, 2a,°°° 2a) — f(0,--- O52) = So arlai.-- cide ak € Mtr 


so that 
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Thus 


S/(u(Mtr)) = Chai. 2n-1s 2nb/ (ar m1 f) 


= Chery + ens 2n}/ (2157+ sen; 9(2n)) = Chen} / (glen) = Chen} /(2n)- 


Clearly the images of 1, zp,--- , 227! generate C{zp}/(z8). 
Let us now apply the Weierstrass division theorem to y = z}. Then there exists u € 
C{z1,°++ ,2n} and a; € C{z,--- , 2-1}. such that 


If we set z] = +--+ = Zn—-1 = 0 we obtain 


P P 
2, = u(0, wee’ oll, 2n)g(2n) _ > a;(0)zh 4 = u(0, ew 20); Zn )thh(Zn) ~ S- a; (0224 


where h(0) 4 0. Observe that u(0) = 1/h(0) so that u is invertible in O,,. Hence 
P 7 
f=ul (2 + S- aj2h-4), 
j=l 
Note that if a;(0) 4 0 for some j then the order of vanishing of f(0,0,--- ,0, 2) at zn) = 0 
would be strictly smaller than p. 


Remark 9.18. The preparation theorem is actually equivalent to Theorem 9.10; see [33]. 


Corollary 9.19. (Implicit function theorem) Suppose f € C{z1,--- , Zn} ts such that 
f(0) =0 and 5£(0) #0. Then there exists g € C{z1,--- ,Zn-1} such that the zero set 


V(f) = {2 f(z) = 0} 
coincides in a neighborhood of 0 with the graph of the function g, 
Let ek Sn = gig ea 
Proof Observe that 
£(0,--+ ,0,2n) = znh(%n), h(0) £0. 


From the Weierstrass Preparation Theorem we deduce 


where u € O,, is invertible and g € C{z1,--- ,2n-1}. It is now clear that V(f) =I, near 0. 
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Corollary 9.20. The ring O, is Noetherian (i.e. every ideal is finitely generated) and 
factorial (i.e. each f € On admits an unique prime decomposition). 


Proof The proof uses induction. Observe that every element f € O, admits an unique 
decomposition 


faucet 
where u € Q is invertible. It follows immediately that O, is a PID (principal ideal domain) 
so that it is both Noetherian and factorial. 

Assume now that O; is Noetherian and factorial for all 1 < k < n. We will prove that 
O,, is Noetherian and factorial. The Hilbert basis theorem and the Gauss lemma imply 
that the polynomial ring On—1[2n] C On is both Noetherian and factorial. 

Suppose now that J C Oy, is an ideal and 0 # f € I. According to the preparation 
theorem we may assume that after a possible re-labeling of the variables we have 


P 
| ee + ape a; € On-1, UE Op is invertible. 
j=l 


Set I’ := IN O,-1[2,]. I’ is finitely generate by pi,--+ ,Pm € On—1[2Zn]. We will show that 
I is generated by f,p1,--: ,Pm- Indeed, let us pick g € J. Using the division theorem we 
have 


g=af tr, 7 € On-1[2n] 
which shows that 


ge (fDige Dra): 


To show that is factorial we can use the preparation theorem to show that up to an invertible 
factor and/or a linear change of coordinates, each element in O,, is a Weierstrass polynomial, 
i.e it belongs to On—1[z,]. The factoriality of O, now follows from the factoriality of the 
ring of Weierstrass polynomials. Mf 


Exercise 9.21. Complete the proof of factoriality of Op. 


§9.2 Fundamental facts of complex analytic geometry 


We now want to present a series of basic objects and results absolutely necessary in the 
study of singularities. For details and proofs we refer to our main sources of inspiration 
[11, 14, 19, 35]. 

The building bricks of complex analytic geometry are the analytic subsets of complex 
manifolds. 


Definition 9.22. A set A is called analytic if it can be described as the zero set of a finite 
collections of holomorphic function defined on an open subset U C C”. For every open 
subset V C U define 


Ta(V) := {f :U +C; f holomorphic, ANU Cc f(y}. 
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Suppose X is a Hausdorff space. Every point p € X defines an equivalence relation on 
9x 


A ~, B <=> dneighborhood U of p € X such that ANU = BNU. 


The equivalence class of a set A is called the germ of A at p and is denoted by AG or 
(A,p). Note that if p does not belong to the closure of A then (A,p) = (@,p). The set- 
theoretic operations U and M have counterparts on the space of germs. We denote these 
new operations by the same symbols. If A is an analytic subset of a complex manifold and 
p € A, then the germ (A,p) is called an analytic germ. 


Definition 9.23. An analytic germ (A,p) is called reducible if it is a finite union of 
distinct analytic germs. An analytic germ is called irreducible if it is not reducible. 


Given f € O, such that f(0) = 0 (ie. f € My) we denote by V(f) the germ at 0 of the 
analytic set V(f) = {z; f(z) =0} at 0 € C”. For any ideal J C O,, we set 


Vit) = )V(f). 


fel 


Since O,, is Noetherian, every ideal is finitely generated, so that the germs V(I ) are analytic 
germs. Note that every analytic germ has this form. 


Example 9.24. Consider the germ f := 2122 € O2. Then V(f) is reducible because it 
decomposes as V(z,) U V(z2). On the other hand if g = y? — 2? € Oy then V(q) is 
irreducible. 


Theorem 9.25. (a) The germ V(1) is irreducible if and only if I is a prime ideal of On. 
(b) Every reducible germ is a finite union of irreducible ones. 


The local (and global) properties of analytic sets are best described using the language 
of sheaves. 


Definition 9.26. (a) Suppose X is a paracompact Hausdorff space. A presheaf of rings 
(groups, modules etc.) on X is a correspondence U ++ S(U) U open set in X, S(U) 
commutative ring (group, module etc.) such that for every open sets U C V there exists a 
ring morphism ryy :S(V) > S(U) such that if U CC W we have 


ruw = TUV °TVW- 


We set f |u:= ruv(f), VU CV, f € S(V). 


(b) A presheaf S is called a sheaf if it satisfies the following additional property. For any 
open set U C X, any open cover (Ua)aea of U, and any family {fa € S(Ua)}aca such that 


v4 lUae= fs leaee Va, B, (Uap = Ua Us), 


then there exists an unique element f € S(U) such that f |y,= fa, Vae€ A 


The topology of complex singularities 75 


(c) Let So and S, be two (pre)sheaves of rings (groups, modules etc.) A morphism 
@: So > S is a collection of morphisms of rings (groups, modules etc.) 


gu : SoU) 4 S\(U), U open 


compatible with the restriction maps, i.e for every V C U the diagram below is commutative. 


So(U) ae, Si(U) 


Vv Vv 
To Ty 


So(V) a Si(V) 


An isomorphism of sheaves is defined in an obvious fashion. 


Example 9.27. (a) If X is a paracompact space and for every open set U C X we denote 
by C(U) the ring of complex valued continuous functions on U then the correspondence 
U ++ C(U) is a sheaf on X. 


(b) If A is an analytic subset of C” then the correspondence V ++ Z4(V) is a sheaf on M 
called the ideal sheaf of A. Observe that Z4(U) is an ideal of Oj, (U). 


(c) For every open set V C M set 
Oa(V NA) := Oc(V)/La(V). 


The correspondence VM A+t+ O4(V 1 A) is a sheaf on C” called the structural sheaf. 
The elements of O4(V 9 A) should be regarded as holomorphic functions UM A > C. 


Definition 9.28. Suppose A; are analytic subsets of C”, « = 0,1. A continuous map 
F’: Ap > A, is called holomorphic if for every open set Up C C” there exists a holomorphic 
map F:U) 3 C” such that F |Uondo= LF’. A biholomorphic map is homeorphism F' : Ag > 
A, such that both F and F~! are biholomorphic. A holomorphic map Ag — C is called a 
regular function. 


Suppose A is an analytic set. For every open subset U C A we denote by R4(U) the 
ring of regular functions U — C. We obtain in this fashion a sheaf on A. For every open 
set U C M we have a natural map 


Ou (U) > Ra(U 7 A) 
whose kernel is the ideal Z4(U) so that we have an induced map 
Oa(U N A) > Ra(U N A). 


This is clearly an isomorphism of sheaves. For this reason we will always think of the 
structural sheaf of O,4 as a subsheaf of the sheaf of continuous functions on A. Note that 
the stalk O47 is an analytic algebra, and conversely, every analytic algebra is the stalk at 
some point of the structural sheaf of some analytic set. 
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Suppose S is a presheaf of rings on a paracompact space X. If U,V are open sets 
containing x and f € S(U), g € S(V) then we say that f is equivalent to g near x, and we 
write this f ~, g, if there exists an open set W such that 


tewcuny, flw=glw. 


The ~, equivalence class of f is called the germ of f at x and is denoted by [f]z. The set 
of germs at x is denoted by S, and is called the stalk of S at x. The stalk has a natural 
ring structure. 

Given a presheaf S on a paracompact Hausdorff space X we form the disjoint union 


S:= [] &- 


For every open set U C X and any f € S(U) we get a map 
f:U 58, ub [flres. 
Observe that we have a natural projection 7 : S + X. Define 
Wop = FU) = {Ufhs wet} cS. 
Observe that the family 6 := {Wo, r} of subsets of S satisfies the conditions 
VWi,W2 €B, IW3€B: W3CWinW2, (J WHS. 
WeB 


These show that B is a basis of a topology on S. The natural projection 7: S > X is 
continuous, and moreover, for every germ |f], € S there exists a neighborhood W € B such 
that the restriction of s to W is a homeomorphism! onto +(W). 

Denote by S(U) the space of continuous sections f : U > S of 7, ie. ie. continuous 
functions f :> S such that f(u) € Sy. The correspondence 


U + S(U) 


is a sheaf of rings on X called the sheafification of S. Since every f € S (U) tautologically 
defines a continuous section of 7 :S — X we deduce that we have a natural morphism of 
presheaves i: S + S. When S is a sheaf then S = S. 


Example 9.29. The presheaf of bounded continuous functious on R is not a sheaf. Its 
sheafification is the sheaf of continuous functions. 


If F : X — Y is a continuous map between paracompact, Hausdorff spaces, and S is a 
presheaf on X, then we get a presheaf F,S on Y described by 


(F.S)U) = S(F™(U)). 


‘A continuous map with such a property is called an étale map. Etale maps resemble in many respects 
covering maps. 


The topology of complex singularities 77 


If S is a sheaf then so is FS. If 7 is a sheaf on Y, and 7: JT — Y denotes the natural 
projection then define 


PES eS {(s,2) ETxX; a(s) = F(a)}. 


There is a natural projection F~'T — X and as above we can define a sheaf by using 
continuous sections of this projection. Note that 


Ce = Tas 


When 7 is a subsheaf of the sheaf of continuous functions on Y and U is an open subset in 
X then we can define F~'T(U) as consisting of pullbacks g o F where g is the restriction 
of a continuous function defined on an open neighborhood of F(U) in Y. 


Example 9.30. Consider the holomorphic map F : C > C, z+ 2”. Denote by O the 
sheaf of holomorphic functions in one variable. Then F~!O is also a sheaf on C and 


C{z} if 20 
B10. = 
Clee) ab 20 
If D, is the disc of radius r centered at the origin then 


(F-'O)(D,) = {F(2"); f: Dyn > C is holomorphic. 


Suppose F': A > B is a holomorphic map between two analytic sets, and let p € A. 
Then F' induces a natural morphism of sheaves 


F*: F"'Op > Og. 
In particular, for every p € A, there is an induced morphism of analytic algebras 
F* : OB,F(p) —> On p- 


This suggest that one could interpret the morphisms of analytic algebras as germs of holo- 
morphic maps. Exercise 9.34 shows that this is an accurate intuition. 


Theorem 9.31. (Noether normalization) Suppose (A, x) is the germ of an analytic set. 
Then there exists a positive integer d and a finite injective morphism of analytic algebras 


yp: C{z,--: 2ay > Oaw 


This theorem has a very simple geometric interpretation. If we think of A as an an- 
alytic subset in C”, then the normalization theorem essentially states that we can find a 
system of linear coordinates z1,--- , 2, such that the restriction to A of the natural projec- 
tion (21,-°-: ,2n) +> (21,°:+ , 2a) is a finite-to-one holomorphic map. The integer d can be 
interpreted as the dimension of A. 

It is useful to present the proof of this result in the special case of hypersurfaces because 
it highlights the geometric meaning of this important theorem, and explains the central role 
played by the Weierstrass division theorem. 
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Suppose (A,) is the germ of a hypersurface A in C”. We assume x = 0. This means 
there exists f € O, such that f(0) = 0 and 


(A,0) = (V(f), 0). 


Assume for simplicity that f is irreducible. We can choose linear coordinates (21,:-+ , Zn) 
on C” such that f is regular in the z,-direction. By Weierstrass preparation theorem we 
can write 


f =u(z)P(z) 


where u € On, u(0) £0, and P, € On-1[Zn] is a Weierstrass polynomial of degree q 


eae + So ag(z')2h, BEN Bi es Spd Ve 


The natural projection 
x :{P(2', 2) =0} 3 (2,2) 4 2' € CU! 
induces a one-to-one morphism O,_1 — O,/(P), which factors trough the natural inclusion 
On—-1 > On. 


Weierstrass division theorem implies that this map is finite. 
We can think of the hypersurface P = 0 as the graph of the multivalued function 
¢ = $(2’) defined by the algebraic equation 


q-1l 
pi + S > ax(2’)¢* = 0); 
k=0 


Equivalently, we can think of P as a family of degree q polynomials parameterized by 
z’ € C™!, P = Py. Then ¢(z') can be identified with the set of roots of Py. For 
most values of z’ this set consists of q-distinct roots. Denote by A C C”~! the subset 
consisting of those 2’ for which P, has multiple roots. A is known as the discriminant 
locus of a for reasons which will become apparent later. Note that 0 € A. The subset 
A!’ :={P =0}\a71(A) is a smooth hypersurface in C” and the projection 


gr: A' oC l\A 


is a genuine q: 1 covering map. The Noether normalization theorem thus says that locally, 
a hypersurface can be represented as a finite branched cover over a hyperplane. The 
branching locus is precisely the discriminant locus (see Figure 9.1). Moreover, when F' is 
irreducible the nonsingular part A’ is connected. 

As we have mentioned before, the discriminant locus consists of those z' for which the 
polynomial P, € C[z,] has multiple roots, ie. P,/(Zn) its zn-derivative Pl, (zp) have a root 
in common. This happens if and only if the discriminant of P,) is zero (see [22, Chap. IV]) 


A(ay(z'), +++ , a@q(z")) = 0. 
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Figure 9.1: A 3 > 1 branched cover and its discriminant locus (in red). 


Example 9.32. Suppose F(x) is a poynomial of one complex variable such that F'(0) = 0. 
Then the hypersurface in C? given by 


C = {y’ = F(z)} 


can be viewed as the graph of the 2-valued function y = +,/F (x). The natural projection 
nm onto the x axis displays C' as a double branched cover of C, 


C2 (a, y)H a. 


The branching locus is described in this case by the zero set of F which coincides with the 
zero set of the discriminant of the quadratic polynomial P(y) = y? — F. 


The next result is an immediate consequence of the normalization theorem and is at the 
root of the rigidity of analytic sets. 


Corollary 9.33. (Krull intersection theorem) Suppose R is an analytic algebra, R = 
O,/I. Then 


() ath, = (0). 
k>1 
Proof Using Noether normalization we can describe J as a finite extension of C-algebras 
t:C{z,--- 24s} OR. 
Using Lemma 9.9 we deduce that there exists r > 0 such that 
My CMa C Oa —> (| MRC (Mi. 
k>1 k>1 


On the other hand we have the strong unique continuation property of holomorphic func- 
tions, which states that if all the partial derivatives of a holomorphic function vanish at a 
point then the holomorphic function must vanish in a neighborhood of that point. Another 
way of stating this is (],., 9t* =0. 


Exercise 9.34. Suppose (X,xz) C C” and (Y,y) C C™” are germs of analytic sets and 
wu: Oyy —+ Ox, is a morphism of analytic algebras. Then there exist neighborhoods 
C? >U S242 and C” DV dy and a holomorphic map 


F:UAV 
such that F(x) = y and F* =u: Oy pz) > Ox,c. (Hint: Use Krull intersection theorem.) 
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Exercise 9.35. Noether normalization shows that any analytic algebra is a finite extension 
of some Oy. Prove that the converse is also true, i.e. if the C-algebra is a finite extension 
of some Og then it must be an analytic algebra, i.e. it is the quotient of some O, by some 
ideal I. 


p> Let us summarize what we have established so far. We have shown that we can identify the 
germs of analytic sets with analytic algebras, i.e. quotients of the algebras O,, n = 1,2,---. 
This correspondence is in fact functorial. To any morphism of germs of analytic sets we can 
associate a morphism of analytic algebras, and any morphism of algebras can be obtain in 
this way. This shows that two analytic germs are isomorphic (i.e. biholomorphic) if and 
only if their associated local analytic algebras are isomorphic. 

p> We have have also seen that any analytic germ is a finite branched cover of some piece 
of an affine space, and any such branched cover defines an analytic germ. Algebraically, 
this means than the category of analytic algebras coincides with the category of C-algebras 
which are finite extensions of some O,,. 


Given the analytic germ V = V (I), I C On we define 


HV) ={f € On, V CVS}. 


A 


Observe that J(V) is an ideal of O,. To formulate our next result we need to remind a 
classical algebraic concept. 


Definition 9.36. The radical of an ideal J of a ring R is the ideal VI defined by 
VI:={reR; Ine€Z,: rel}. 
We have the following important nontrivial result. 


Theorem 9.37. (Analytical Nullstellensatz) For every ideal I C On we have 


A 


3(V (1) = VI. 


Equivalently this means that a function f € On vanishes on the zero locus V (1) of the ideal 
I if an only if a power f™ of f belongs to the ideal I. 


Example 9.38. Consider f = 2” € O,. Then V(f) is the germ at 0 of the set A = {0}. 


A 


Note that J(V(f)) = (z) = Mt. 


The above theorem implies that the finiteness of the Milnor number of a critical point 
is tantamount to the isolation of that point. More precisely, we have the following result?. 


Proposition 9.39. Suppose F:0€ UCC’ 4>Ce€C" + C and F(0) =0. Then the 
following are equivalent. 

(i) 0 is an isolated solution of F(z) = 0. 

(ii) u(F,0) < co. 


’We refer to [2, Sec. 5.5] for a very elegant proof of this fact not relying on Nullstellensatz. 
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Proof Denote by V the germ of analytic subset generated by the ideal Ip C Oy. If 0 is 
isolated then V = 0 and by analytical Nullstellensatz we have 


VIp = Mn 


Hence there exists k > 0 such that mk C Ip which implies dime O,/Ip < co. 
Conversely, if 4 = dimc O,/Ip < oo then Mh C Ip so that V = 0, ie. 0 is an isolated 
solution of F(z) =0. 


Inspired by the above result we will say that a critical point p of a holomorphic function 
f is isolated if p(f,p) < c. 


§9.3  Tougeron’s finite determinacy theorem 


The Morse Lemma (which we have not proved in these lectures) has played a key role in 
the classical Picard-Lefschetz theory. It states that if 0 is a nondegenerate critical point of 
f € MN, then, we can holomorphically change coordinates to transform f into a polynomial 
of degree 2. The change in coordinates requirements can be formulated more conceptually 
as follows. 


Definition 9.40. Denote by 6, the space of germs of holomorphic maps G : 0 € U C 
Cc” + C” such that G(0) = 0 and the differential of G at 0 is an invertible linear map 
DG(0):C" + C". 


The elements in 6, can be regarded as local holomorphic changes of coordinates near 
0€C. 6, isa group. There is a right action of 6, on O, defined by 


OnrarifufpoG, VGEGp. 


Two germs f,g € O, are said to be right equivalent, f ~, g, if they belong to the same 
orbit of 6,. In more intuitive terms, this means that g can be obtained from f by a local 
change of coordinates. 


Definition 9.41. The k-jet at Oof f € O, isthe polynomial j,(f) = jp(f,0) € Clzi,--- , 2n] 
obtained by removing from the Taylor expansion of f at 0 the terms of degree > k. More 
precisely 


|| 
af) = 0 =o Lee, 


a! Oz 
la|<k 
where for any nonnegative multi-index @ = (a1,--- ,Q,) we set 
Ja] :=ay+---+an, a! :=ay!---apy!, 
Qa Qa 
Bhan tis OUD a, = SO 


a= z = 
: nee “ee Ozpt ++ Ozn” 
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Exercise 9.42. Suppose J C Oy, is a proper ideal and f € O, is a holomorphic germ such 
that for every k > 1 there exists f, € I so that 


jn(f — fe) = 0. 


Prove that f € J. We can interpret this result by saying that if f can be approximated to 
any order by functions in J then f must be in J. In more geometric terms, this means that 
if two analytic sets have contact at a point of arbitrarily high order then they must coincide 
in a neighborhood of that point. This is a manifestation of the coherence of the sheaf of 
holomorphic functions. (Hint: Use Krull intersection theorem.) 


Morse Lemma can now be rephrased by saying that if 0 is a critical point of f with 
u(f,0) = 1 then f is right equivalent to its second jet. The next result is a considerable 
generalization of Morse’s Lemma. We refer to [2] for an even more general statement. 


Theorem 9.43. (Tougeron finite determinacy theorem) Suppose 0 is an isolated crit- 
ical point of f € My, with Milnor number pw. Then f is right equivalent to jy41(f)- 


Proof We follow the strategy in [2, Sec.63] or [34, Sec. 5] which is based on the so called 
homotopy method. 

Roughly speaking our goal is to construct a local biholomorphism which will “kill” the 
terms of order > 4 +1 of f. One of the richest sources of biholomorphisms is via (time 
dependent) flows of vector fields. Our local biholomorphism will be described as the time-1 
map of a flow defined by a time dependent vector field. 

We will prove that for every y € gt? the germ f + is right equivalent to f. We have 
an affine path f + ty. We seek a one parameter family G; € 6, such that 


(f +tp)(Giz) = f(z), Go(z) = 2, Gi(0) =0. (9.1) 
Define the time dependent vector field 
d 
V,(z) = ai Lee Gi(z). 


Differentiating (9.1) with respect to t we obtain the infinitesimal version of (9.1) known as 
the homology equation 


Va(Gr(z)) - (f + tp) = —o(Gi(z)) € mR”. (9.2) 


The proof will be completed in two steps: solve the homology equation and then integrate 
its solution with respect to t. 


Step 1. For every a € INY+! there exists a time dependent holomorphic vector field 
Vi(z) = Vie(z) defined in a neighborhood of 0 depending smoothly on ¢ € [0,1] such that 


V,(0) = 0 VE € [0, 1] (9.3a) 


Vie(2) -(f +ty)(2) =a(z), Vt € [0,1], Viz] <1. (9.3b) 


Step 2. The equation (9.1) has at least one solution. 
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Lemma 9.44. (a) The equation (9.3b) has at least one solution Vi.q for every a € IN". 
(b) The “initial value” problem (9.3a) + (9.3b) has at least one solution for every a € NV+", 


Proof Consider all the monomials M),--- , Mn € C[z,--- , Zn] of degree yz. We will first 
explain how to solve (9.3b) when a = M;. We already know that 


DY Gay) 


so that there exist hj; € On such that 
of 
i 
Hence 


af + ty) dy 
M;= hyj ———_ -t) hij 
ee a 
Next observe that since y € IN+? we have® 


Op 
pam) yt l 
Oz; € 


We can therefore write 


dp 
his = ajpMp, apj EM 
va) z 


a 


and 
a(f + ty) 
4 Pp 


As in the proof of Nakayama Lemma we can consider this as a linear system for the row 
vector M := (M),--- ,My). More precisely we have 


M(1+tA) = B, 
where 


Bos = Thy ME) E 3(f + ty) 


a 


and the entries of A = A(z) are in 92. The matrix (I + ¢A(z)) is invertible for all ¢ € [0, 1] 
and all sufficiently small z. We denote by K;(z) its inverse. We deduce 


M = BK, 


’This is the only place where the assumption y € tt? is needed. The rest of the proof uses only the 
milder condition y € Dt“*", 
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or more explicitly 


Of +ty 
Mj = S— Ky sBer = >, Kyjgry tt) 
e Lyi : 
Thus, 

0 

Vig (2) = >> De hieK ej.) ae 

ie 
solves (9.3b) for a = M;. Observe that this vector field need not satisfy (9.3a). 

Any a € St" can be represented as a linear combination 

a= S 5 ajM;, aj € On. 
j 


Then 


Vio t= S 04 Vi,j 
j 


is a solution of (9.3b). If moreover a € IN“*! so that a;(0) = 0 then this Viq also satisfies 


the “initial condition” (9.3a). 


Since y € IN“*? c MMH+! we can find a solution V;_, of (9.3a) + (9.3b) with a = —¢. 
To complete the proof of Tougeron’s theorem we need to find a solution G;(z) € 6, of the 


equation 
d 
alt +ty)(Giz) =0, G,(0) =0, Vt € [0,1], V\z| «1. 


Such a solution can be obtained by solving the differential equation 


Ft = Vi o(Gile)), Gy(0) =0. I 


Chapter 10 


Singularities of holomorphic 
functions of two variables 


To get an idea of the complexity of the geometry of an isolated singularity we consider in 
greater detail the case of isolated singularities of holomorphic functions of two variables. 
This is is a classical subject better which plays an important role in the study of plane 
algebraic curves. For more details we refer to [5, 6, 19] from which this chapter is inspired. 
We begin by considering a few guiding examples. 


§10.1 Examples 


As we have indicated in the previous chapter, all the information about the local structure 
of an analytic set near a point is entirely contained in the analytic algebra associated to 
that point. In particular, if P € C[z1,--- , 2p] is a polynomial such that P(0) = 0, and 0 
is an isolated critical point of P, then the local structure of the hypersurface P = 0 near 
0 € C” contains a lot of information about the critical point 0. 


Example 10.1. (Nodes) Consider the polynomial P(z,y) = ry € C{z,y}. Then the 
origin 0 € C? is a nondegenerate critical point of P, i.e. 4(P,0) = 1. Near 0 the hypersurface 
A defined by P = 0 has the form in Figure 10.1. The analytic algebra of (A,0) is given by 


Figure 10.1: The node ry = 0 in C?. 


the quotient O49 := C{x,y}/(zy). Note that O49 is not an integral domain. If we rotate 
the figure by 45 degrees we see that A is a double branched cover of a line. 


Example 10.2. (Cusps) Consider the polynomials P(z,y) = y? — x? € Cf{a,y}, and 
Q(a,y) = y? — 2 € Cf{zr,y}. Their zero sets V(P) and V(Q) are depicted in Figure 


85 
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10.2. This figure also shows that both curves are double branched covers of the affine line. 


Figure 10.2: The cusps y? = x? in red, and y? = x°, in blue. 


The Jacobian ideal of P at 0 is 3(P,0) = (#?,y), while the Jacobian ideal of Q at 0 is 
3(Q,0) = (x*,y). We deduce that p(P,0) = 2 while 1(Q,0) = 4. This shows that the 
functions P and Q ought to have different behaviors near 0. 

The analytic algebra of V(P) at zero is R(P) := Cf{x,y}/(y? — #3), and the analytic 
algebra of V(Q) near zero is R(Q) := C{x, y}/(y? — 2°). Both are integral domains so that 
none of the them is isomorphic to the analytic algebra of the node in Figure 10.1. This 
suggests that the behavior near these critical points ought to be different from the behavior 
near a nondegenerate critical point. 

We can ask whether R(P) = R(Q). Intuitively, this should not be the case, because 
p(P,0) 4 u(Q,0). The problem with the Milnor number p is that it is an extrinsic invariant, 
determined by the way these two curves sit in C?, or equivalently, determined by the defining 
equations of these two curves. We cannot decide this issue this topologically because V (P) 
and V(Q) are locally homeomorphic near 0 to a two dimensional disk. We have to find an 
intrinsic invariant of curves which distinguishes these two local rings. 

First, we want to provide a more manageable description of these two rings. Define 


3 Ctr} — C{t}, zr t?, yor, 
and 
ys : C{z,y} > Cf{é}, peer: pat. 


Observe that (y?— 2") C ker yp, k = 3,5. Let us now prove the converse, ker yy, C (y?—2*). 
We consider only the case k = 3. Suppose f(x,y) € ker y3. We write 


f= a Age y". 
m,n>0 
Then 
(oe) 
0=gs(f) = S> Amat?" = S00 > Amn) t® = 0. (10.1) 
m,n>0 k=0 2m+3n=k 
Consider the quasihomogeneous polynomial ®4 = SJomi3n—p Amnv'™y". We want to show 


that (y? — 23)|®,. Set 


5. 2= { (m,n) € Zi; 2m+3n= ik. 
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We denote by 7: Z? > Z the natural projection (m,n) + m, and we set mo = max (Sz). 
Then there exists a unique no € Z1 such that (mo,no) € S;. We can then represent 


Si = {(mo ~3s,n9 +28); 0< 8 <[mo/3]}, 


and 
Lmo/3| y? 
O, = cry” S- Cy, w= eee C. = A(mo—3s),(nio-+28)° 
s=0 
The condition 
Lmo/3| 
SC. 
s=0 


implies that u = 1 is a root of the polynomial p(u) = }>, Csu*®. Hence we have 


anal aa ; . 
0, = 7709" 2d a w =(y?-—2 Ss Dz eo Fi ynot 23 
j=0 


This shows that y3 induces an one-to-one morphism v3 : R(P) + C{t} We denote by R23 
its image. We conclude similarly that ys induces an one-to one morphism R(Q) > C{t} 
and we denote by R25 its image. We will now show that the rings R23 and R25 are not 
isomorphic. 

Consider for k = 3,5 the morphisms of semigroups 


To,4 2 (Z3.,+) + (Z4,+), (m,n) 2m +t kn. 
The image of 72,4, is a sub-semigroup of (Z;,+) which we denote by E,. Observe that 
E3 = {0,2,3,4,5,---}, Es = {0,2,4,5,6,--- }. 
For each f = )in>0 Gnt” € C{t} define e(f) € Z, by the equality 
e(f) :=min{n; a, # 0}. 
We get surjective morphisms of semigroups 
e: (Rag.:) > (Eke), f eC). 


Suppose we have a ring isomorphism © : Ro3 + Ro,5. Set A = ©(¢?), B = O(¢°), a = e(A), 
and b = e(B). Observe that a,b > 0 and e(®(#?+3")) = am + bn € Es. We have thus 
produced a surjective morphism of semigroups 


WU: Ey > Es, (2m +3n) am + bn. 


Since 2 = min E3\ {0} we deduce either a = 2, or b = 2, Assume a = 2. Since W is surjective, 
we deduce that b = 5. To get a contradiction it suffices to produce two pairs (m;,n;) € Zi, 
4 = 1,2 such that 


2m, + 3n, = 2m24+3n2 and 2m, + 5n, 4 2m2 4+ Sno. 
For example 11 =2-1+3-3=2-443-1 but 2-14+5-3=17413=2-4+4+5-1. 
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Exercise 10.3. Consider an additive sub-monoid! § C (Z,+). Suppose that S is asymp- 
totically complete, i.e. there exists vy = vg > 0 such that n € S, Vn > vg. 

(a) Prove that S is finitely generated. 

(b) Let 


r= min{ g € Zi; JA s1,--+ 8g € S which generate s}. 


Suppose G, and G2 are two sets of generators such that |G1| = |G2g| =r. Then G; = Go. 
In other words, S has a unique minimal set of generators. This finite set of positive integers 
is therefore an invariant of S. 


We have discussed Example 10.2 in great detail for several reasons. First, we wanted 
to convince the reader that by reducing the study of the local structure of a singularity 
to a purely algebraic problem does by no means lead to an immediate answer. As we 
saw, deciding whether the two rings R23 and R25 are isomorphic is not at all obvious. The 
technique used in solving this algebraic problem is another reason why we consider Example 
10.2 very useful. Despite appearances, this technique works for the isolated singularities of 
any holomorphic function of two variables. In the next section we describe one important 
algebraic concept hidden in the above argument. 


§10.2 Normalizations 


Suppose f € C{x,y} is a holomorphic function defined in a neighborhood of 0 € C such 
that 0 is an isolated critical point. Assume it is an irreducible Weierstrass y-polynomial in 
fe C{z}ly). 

Denote by Z = Z(f) the zero set of f, and by Oz9 = C{a,y}/(f) the local ring of 
the germ (Z,0). It is an integral domain. Following Example 10.2, we try to embed Oz, 
in C{t}, such that C{t} is a finite Oz o-module. More geometrically, Z is a complex 1- 
dimensional analytic set in C?, better known as a plane (complex) curve . A normalization 
is a then a germ of a finite map C —> Z with several additional properties to be discussed 
later. 

Observe that when f = y? — 2? we get such an embedding by setting x = t?, y = t? so 
that t = y/x. We see that in this case we can obtain C{t} as a simple extension of Oz, 
more precisely, 


C{t} = Oz oly/z]. 
Similarly, when f = y? — 2° we set x = 17, y=t° so that t = y/2”, and 
C{t} = Ozoly/x”]. 


Note that in both cases ¢ is an integral element over Oz, i.e. it satisfies a polynomial 
equation of the form 


t” geekd tt +:---+tajt+ajp9=0, ape Oz. 


' An additive monoid is a commutative semigroup (5,+) with 0, satisfying the cancelation law, a +2 = 
b+2—a=b. 
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In both cases we have t?— 2 = 0. This shows that in both cases C{t} is a finite Oz 9-module. 
To analyze the general case we need to introduce some terminology. 


Definition 10.4. Suppose FR is an integral domain, and K 5D R is a field. 

(a) An element x € K is said to be integral over R over R if there exists a polynomial 
P € R{T] with leading coefficient 1 such that P(«) = 0. We denote by Rx C K the set of 
integral elements in K. When K is the field of fractions Q(R) of R we write R instead of 
Rar): ‘ 

(b) R is said to be integrally closed in K if R = Rx. The ring R is called integrally 
closed, if it is integrally closed in its field of fractions Q(R). 


Exercise 10.5. (a) Prove that x € Q(R) is integrally closed if and only if the R-module 
Riz] is finitely generated. 

(b) Suppose R C S as a finite extension of integral Noetherian domains (i.e. S is finitely 
generated as an R-module), and K is a field containing S. If an element a € K is integral 
over S, then it is also integral over R. 

(b) Prove that R is a ring. 


Exercise 10.6. Prove that any unique factorization domain is integrally closed. 


The set R is a subring of Q(R) called the normalization of R . Observe that R is 
integrally closed. 


Example 10.7. Let f = y? — 2° € C{z,y}, and Z = {f = 0} C C’. The isomorphism 
C{t} = Ozoly/x] shows that we can view C{t} as a subring of the field of fractions of Oz. 


We have the following fundamental result. 


Theorem 10.8. Suppose f € C{x,y} is irreducible, f(0) =0. Assume y is regular in the 
y-direction and set Rp := C{x,y}/(f). Then the normalization Ry of Ry is isomorphic to 
C{t}. 

There are several essentially equivalent ways of approaching this theorem, which states 
a fact specific only to dimension 1. It is thus not surprising that the concept of dimension 
should play an important role in any proof. We will present a proof which combines ideas 
from [11, 19], and assumes only the geometric background presented so far. For a more 
algebraic proof we refer to [19]. 


Sketch of proof We can assume f/f is a Weierstrass polynomial of degree q, 
f(x,y) =y% + ar(x)y | +--+ +aq(x) € C{r}[y], a;(0) =0, Vi =1,---@ 


Denote by Z; a small open disk in Ccentered at 0 , and by Z; a small neighborhood of 
(0,0) in f—'(0). We denote by x the local coordinate on Z,. The natural projection 


CoC, (4,y)oer 


induces a degree q cover wm» : Z¢ — Z,, branched over the zero set of the discriminant A(«) 
of f. We can assume Z; is small enough so that A~1(0) MN Z, = {0}. We set 


Zp = Zp\{(0,0)} =a (Zt), Zy = Z \ {0}. 
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Since f is irreducible we deduce Z; is a connected, smooth one dimensional complex man- 
ifold, and z : Za; — Z is q-sheeted cover of the punctured disk Z{. Thus we can find a 
small disk D in C centered at 0, and a bi-holomorphic map 


6: D* > Z; 
such that the diagram below is commutative 


(D*,t) 


Z 
Tq ita = we 


(27, 2) 


The holomorphic functions x, y on Z;7 define by pullback bounded holomorphic functions on 
the punctured disk D*, and they extend to holomorphic functions x(t), y(t) on D. Moreover, 
x(t) = t4. We can view the coordinate ¢ as a holomorphic function on D. It induces by 
pullback via ¢~! a bounded holomorphic function t = t(x, y) on Z;. We want to prove that 
is the restriction of a meromorphic function on Zs. More precisely, we want to prove that, 
by eventually shrinking the size of Z» we have 
A(x 
i= a “ lz,;, A,B Ee C{z, y}. 

Denote by K, the field of meromorphic functions in the variable x, i.e. Ky, is the field of 
fractions of C{x}. Denote by Ky the field of fractions of Ry. Ky is a degree g extension of 
A, and in fact, it is a primitive extension. As primitive element we can take the restriction 
of the function y to Zs. Denote by A(x) the discriminant of f. 

For every point p € Zf there exists a small neighborhood U,, and q holomorphic func- 


tions 
(=r) ope 

such that 

q 

=: Up) = Ut (ri); rE u, \. 
j=l 
In particular, this means that for each x € U, the roots of the polynomial 
f(a,y) =y! + ar(w)y** +--+ +aq(z) € Cly] 
are 7(z),*-+ ,71(z), so that 
A(e) = |] (rilz) - rj(a)). 

tFj 

For (x,y) € t~'(Up) define the Lagrange interpolation polynomial 


q 


R(a, — (a): 


= 
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Note that R(a,y) = t(x,y), V(z,y) € 7 '(Up). Observe that A(x) R(x,y) is a polynomial 
in y with coefficients holomorphic functions in the variable « € Up. The coefficients of 
this polynomial do not depend on p and are in fact bounded holomorphic functions on Zf 
and thus they extend to genuine holomorphic functions on X. We have thus proved the 
existence of g holomorphic functions b),--- ,bg on 2; such that 


A(x)t(a,y) = y% + bi(a)y™* +--+ + by(2) 


which shows that ¢ € Ky as claimed. 

We thus get a map ®: Ry — C{t}, defined by x + 17, y = y(t). Let us first show it is 
an injection. Indeed, if P(¢7,y(¢)) = 0 for some P € C{x,y} then P |z, is irreducible we 
deduce from the analytical Nullstellensatz that P € (f). This is also a finite map because 
it is quasifinite, 


tl=axre d(Mr,). 


We can thus regard Ro as a finite extension of Rr. Now observe that Ro € Q(R¢) because 
t € Q(Ry). Since C{t} is integrally closed we deduce that C{t} is precisely the normalization 


The holomorphic map ¢: D — Zy constructed above, which restricts to a biholomor- 
phism ¢ : D* > Z? is called a resolution of the singularity of the germ of the curve 
f =0 at the point (0,0). We have proved that we can resolve the singularities of the irre- 
ducible germs. The reducible germs are only slightly more complicated. One has to resolve 
each irreducible branch separately. 


Definition 10.9. Suppose (C,0) is an irreducible germ of a plane curve defined by an 
equation f(x,y) = 0. Then a resolution of (C0) is a pair (C, 7) where C' is a smooth curve 
and a: C' — C is a holomorphic map with the following properties 


(a) a(0) consists of a single point {p}. 
(b) t: C\ 271(0) + C \ {0} is biholomorphic. 


A resolution defines a finite morphism 1* : Oc > O¢@ i called the normalization and 
we set 


d(C, 0) = dimc Oe,/™ Ocoo- 


The integer 6(C,0) is called the delta invariant of the singularity. Later on we will 
prove that it indeed is an invariant of the singularity. 


2k+1 


Exercise 10.10. Prove that the polynomial y? — x is irreducible as an element in 


C{z, y}. 


Example 10.11. Let Co, denote the germ at 0 of the curve y —-«@ . As in Example 
10.2 we see that Oco = C{S;} where Sj, is the sub-monoid of (Z;,+) generated by 2 and 
2k +1, and C{S,} Cc C{t} is the subring defined by 


C{S,} = {f -»> amt}. 


mES, 


2k+1 
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Then 
(Cx, 0) = dim C{t}/C{Sk} = #(Z4 \ Se) = k. 


We will next present a constructive description of the resolution of an irreducible sin- 
gularity based on Newton polygons, and then we will discuss a few numerical invariants of 
an isolated singularity of a curve. 


§10.3 Puiseux series and Newton polygons 


The resolution described in the proof of Theorem 10.8 has a very special form 


a=t, y=y(t) Cit}, f(t, y(t)) =0. 


If we think, as the classics did, that y is an algebraic function of x implicitly defined by the 
equation f(x,y) = 0, we can use the above resolution to produce a power series description 
of y(x). More precisely, we set t = x'/4 and we see that 


v=o na 


k>0 


Such a description is traditionally known as a Puiseux series expansion. 

The above argument is purely formal, since the the function z 4 z!/4 is a multivalued 
function. Denote by C((z)) the field of fractions of the ring of formal power series C[[z]]. It 
can be alternatively described as the ring of formal Laurent series in the variable z. Denote 
by C((z!/")) the finite extension of C((z)) defined by 


c(t) = ee 
Observe that if m|n then we have a natural inclusion 
tam C((2™)) 9 (2), 2 Hs (ay, 
or more rigorously, 


C((z) 4 _, CIs] gnim 
Gras Gag : 


The inductive limit of this family of fields is denoted by C((z)). The elements of this field 
are called Puiseuz-Laurent series and can be uniquely described as formal series 


f= Soa dnéeZ, n>O0, g.c.d.({n} UAE Gane 0}) =1. 
k>d 
Define 
min S(f) 


n 


S(f) = {ky a £0}, 0-(f) = 
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S(f) is called the support of f, 0,(f) is called the order of f and n is called the polydromy 
order. We denote it by v(f). A Putseux series is then a Puiseux-Laurent series f such that 
oz(f) > 0. It is convenient to describe a Puiseux series f of polydromy order n in the form 


f(a =g(e"), 9 € Cle]. 


Observe that g is uniquely determined by the identity 


We say that g is the power series expansion associated to f. ‘The Puiseux series f is called 
convergent if the associated power series is convergent. 

Theorem 10.8 shows that if f € C{x}[y] is a Weierstrass polynomial, irreducible as an 
element in C{z,y}, then there exists a (convergent) Puiseux series y = y(x) such that 


f(x, y()) = 0. 


Moreover, the polydromy order of y() is equal to the y-degree of the Weierstrass polynomial 
f(x,y). In particular, this means that the polynomial in y has a root in the extension C((zx)) 
of Q(C{x}). 

The Galois group of the extension C((x)) G C((a!/")) is a cyclic group of Gp order n. 
Fix a generator p of G,. Then there exists a primitive n-th root € of 1 such that 


(pf)(a") = flex"), Vf € C((a")). 


We conclude immediately that if f(z,y) € C{x}[y] is a Weierstrass polynomial of degree 
n, irreducible as an element of C{x,y}, and y € C((x!/")) is a convergent Puiseux series 
resolving the singularity at 0 of f(x,y) = 0 then 


f(e,y) = [] w-ylex)). 
e?=1 


A natural question arises. How do we effectively produce a Puiseux series expansion for an 
algebraic function y(x) defined by an irreducible equation f(x,y) = 0? In the remainder of 
this section we will outline a classical method, based on Newton polygons. 


Definition 10.12. Let f = S>, aaX° € C{x,y}, where a € Z?, and X° := ey. The 
the support of f is the set 
S(f):= {a EZ; ag F o}. 


Definition 10.13. The Newton polygon associated to S C Zt is the convex hull of the set 
S+Z%. We denoted it by ['(S). The Newton polygon of f € C{zx,y} is the Newton polygon 
of its support. We set [(f) :=T(S(f)). 


The Newton polygon of a set S C Zz" is noncompact. It has finitely many vertices 
Po, Pi,-+:+ , Pp € (ie which we label in decreasing order of their heights, ic. if P; has 
coordinates (a;,b;) then 


by > bl > +++ > bg > 0. 
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(33,0) 


Figure 10.3: The Newton polygon of f = y® + 3a!y* + 2a!y? — 3a72y? + 6a2!y + 23 — 70. 


Note that 0 < aj < ay < +++ < ag. Define the height of a Newton Polynomial to be 
ht(P(S)) = bo — bi, and the width to be wd(I'(S)) = ag — ag. A Newton polygon is called 
convenient Py is on the vertical axis, and P,. is on the horizontal axis, i.e. a; = 0, by = 0. 
In Figure 10.3 is depicted a Newton polygon with two vertices. 

In general, a Newton polygon has a finite number of vertices r+ 1, and a finite number 
of finite edges, r. It has two infinite edges, a vertical one, and a horizontal one. Note that 
f is y-regular of order m (i.e. y+ f(0,y) has a zero of order m at y = 0) if and only if the 
first vertex of its Newton polygon is the point (0,m) on the vertical axis. 

The following elementary result offers an indication that the Newton polygon captures 
some nontrivial information about the geometry of a planar curve. 


Exercise 10.14. If f € C{x,y} is irreducible then its Newton polygon is convenient and 
has a single finite edge. 


It is not always easy or practical to draw the picture of the Newton polygon of a given 
polynomial, so we should have of understanding its basic geometric characteristics without 
having to draw it. This can be achieved using basic facts of convex geometry. 

Set VS Re: d= A eV Tae at C L, and denote by V# the dual of V. Suppose 
S Cc Ly. The polar of T'S) is the convex set 


T(s)t = {x evi; (y,v)>0, We r(s)}. 


The restriction of any linear functional y € I'(S)* to I'S) achieves its minimum either at 
a vertex of [(S) or along an entire edge of ['(.S). For uniformity, we will use the term face 
to denote vertices and finite edges. A vertex is a 0-face, and an edge is a 1-face. For each 
x € T'(S)! we denote by ¢, the face of '(S) along which x achieves its minimum. We say 
that #(x) is the trace of y along ['(S). Define the supporting function of T(S) to be 


fg: T(S)$>ROR,, C5(x) = min{ (x, 0): vE r(s)}. 
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Observe that 
a(x) = {vET(S); (xv) = es(x)}- 


Two linear functionals y1, 2 € I'(S) are called equivalent if 6(v1) = ¢(x2). We denote by 
Cy the closure of the equivalence class of 7. We have the following elementary result. 


Exercise 10.15. For each y € I'(S)! the set Cy is rational cone, i.e. it is a closed, convex 
cone generated over R by a finite collection of vectors in the dual lattice 


LD’ := {x eVi: (y,v) eZ, We th 


Definition 10.16. A 2-dimensional fan is a finite collection F of rational cones in V4 with 
the following properties. 


(a) A face of a cone in F is a cone in Ff. 
(b) The intersection of two cones in F is a cone in Ff. 


We have the following result. 


Proposition 10.17. Consider a set S C Ly and its Newton polygon T(S). Then the 
collection 


0(5):= {Cys x eT(s)th 
is a fan. 


Proof Denote by {Po,Pi,-:-,P,} the vertices of [(S) arranged in decreasing order of 
their heights. For 1 = 1,--- ,r, denote by ; the line trough the origin perpendicular to 
P;_,P;. Observe that 


0 < slope (A1) < slope (A2) < -+- < slope (A;) < 00. 


These rays partition the first quadrant V, of V into a fan consisting of the origin, the 
nonnegative parts of the horizontal and vertical axes, the parts of the rays 4; inside the first 
quadrant, and the angles formed by these rays. If we identify V and V# using the Euclidean 
metric, then we can a fan in V* consisting precisely of the cones Cy, x €T'(S)'. i 


We see that the one dimensional cones in ®(S) correspond to the one dimensional faces 
of [(S) (see Figure 10.4). We denote by A = Ag the steepest 1-face of [(S). It is the first 
1-face, counting from left to right. It corresponds to the first (least inclined) non-horizontal 
ray in the associated fan. 

For each 1-face ¢ of I'(S), the corresponding one-dimensional cone Cg in ®(.S) contains 
an additive monoid Cg M 1b generated by the lattice vector on Cg closest to the origin. We 
denote this vector by wg, and we will refer to it as the weight of the one-dimensional face ¢. 
Observe that the face ¢ is the trace of w = (w ,we2) on I'(S), and the coordinates (wy , w2) 
are coprime integers. The quantity 


d(¢) = £5 (tig) al (w, v), ved 


is called the (weighted) degree of the the face ¢. The weight of ['(.S) is defined to be the 
weight of the first face A. 
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[aa 


Figure 10.4: A Newton polygon (in black) and its associated fan (in red). 


Definition 10.18. Suppose f = )), daX® € C{x,y}, and A is the first face of I(f). We 
set 


ta S- Agx™. 
acA 
The function f is called nondegenerate if it is y-regular and the weight of A has the form 
(1,w), w € Z>s0. 


Example 10.19. The Newton polygon in Figure 10.3 has an unique 1-face ¢ described by 
the equation 


zy 
>: —+5=1, zy >0. 
Pe Gare y2 
The corresponding cone in the associated fan is the ray 


10 
ore y= ao z>0. 


We deduce that the weight of this face is w = (3,10) and its degree is 60. 


Consider now an irreducible f € C{z,y}. We assume it is a Weierstrass polynomial in 
y. Its Newton polygon I’; has only one face. We denote by w the weight of the unique finite 
1-face of A and by dp its degree. For each a € L+ we denote by deg,,(X“) its w-weighted 
degree, 


deg, (X°) = (8, a) = way + wea2. 


We can write 


i= > lig X 


ae Dy 
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where dg = 0 ifa ¢ S(f). Then 


f= 2 fa, where fa:z= So agX%, (deg, a := (3, a)). 


d>do deg,, a=d 


To find a Puiseux series expansion of the algebraic function y = x(a) defined by f(x,y) = 0 
we will employ a method of successive approximation. We first look for a Puiseux series of 
the form 


32a, 1S a, lot ay) coe CG, HHS itei) © Clas 910) =0. 
Observe that 


fala? xf? (ao + 27?y1)) = 2f » da(co + yi), 
deg,, a=d 


so that 
f(a?! 27? (ao + e7?41)) = O(a), Wyn. 
We want to find cg such that 
f(a, a? (a9 +0?y1)) = O(a"), Varo. 
We see that this is possible iff cg is a root of the polynomial equation 


fas(1¢o) =fallje)=- SY) aaeg? =0. 


deg, a=do 


Now define a new function 


1 
fil@i,y1) = Fr" #7? (co + m1) € Cla, yi}. 
sil 


We believe it is more illuminating to illustrate the above construction on a concrete example, 
before we proceed with the next step. 


Example 10.20. Consider the Weierstrass polynomial 


F(e9)= y® + 8altyt 4 2a! y? — 3472y? + 627ty + 2°? — 29 € C{a}[y] 


with elementary Newton polynomial depicted in Figure 10.3. The weight of the unique 
finite 1-face is according to Example 10.19, w = (3,10), and its degree is 60. Then 


fa = foo(e,y) = y° + 20'?y? — 2%. 


so that fa(1,y) = y® + 2y? — 1. It has six roots determined by 


r? =-1+ V2. 
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Pick one of them, and denote it by co. Then 


1 F(08,2"%e +3) 


= (co + y)® +323 (co + y)* + 2(co + y)® — 382° (co + y)? + 62? (cg +y) +2°9 -1 


= y° + 6eoy® + (28 + 15¢} Jy! + (1223 + 2+ 20¢8 )y* 


(154 + 6cg + 18cRx13 — 30%) y? ate (6c) + 6c2 + 12c8x13 — 6coa”®) y 


+(13¢9 + 6co)x'3 — 3c5x76 + 29. 


This looks ugly! However, here is a bit of good news. The height of the Newton polygon of 
fi is substantially smaller. It is equal to one, and it is due to the presence of the nontrivial 
monomial (6c) + 6c3)y which shows that the multi-exponent (0,1) lies in the support of 
fi. Let us phrase this in different terms. The condition that (0,1) € S(f1) is equivalent 
to (0, 0) £0. Using the holomorphic implicit function theorem we deduce that we can 
express y as a holomorphic function of x, y = yi(x). Note that y:;(z) vanishes up to order 


13 at  =0, ie. it has a Taylor expansion of the form 
yi(z) = cya' + higher order terms. 
We now have a Puiseux expansion 
e= 21, y= 21 (co + yi(e1)) = cont? +a? +: 


All the other monomials arising in the power series expansion of y; (x1) can be (theoretically) 
determined inductively from the implicit equation f (21, y1) = 0. Practically, the volume 
of computation can be overwhelming. 


The above example taught us some valuable lessons. First, the passage from f to fi 
reduces the complexity of the problem (in a sense yet to be specified). We also see that 
once we reach a Newton polygon of height one the problem is essentially solved, because we 
can invoke the implicit function theorem. The transformation f > 1; produces a hopefully 
simpler curve gem (C;,0) and holomorphic map (C1, 0) + (C,0). 

Let us formalize this construction. Denote by R{x, y} the set of holomorphic functions 
f € C{z,y} y-regular. Define a multivalued transformation 


PB: Riz, y} > fro PS) c A{a1,y} 


where 


fleun) € BU) = fleum) = iat" air +m) 
1 


where r € C is a root of the polynomial equation 
fa(, r) =0 
We first need to show that $B is well defined. 
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Lemma 10.21. Let f © R{x,y} be y-regular of order m. Then deg fa(1,y) =m and any 
f € Bef is y-regular of order m, < m, where m, is the multiplicity of the root r of the 
degree m polynomial fa(1,y) € Cly]. Moreover, m, =m iff fad, y) = c(y — r)™ in which 
case the weight (w1,w2) of A is nondegenerate, i.e. w, = 1. 


Proof Denote by w = (wj, we) the weight of [(f) and by dp the weighted degree of fa. 
Denote by P and Q the endpoints of the first edge A of [(f), P = P(0,m) and Q = Q(a,}), 
b<m. Pick a root r of fa(1,y) = 0 and set 


flora) = Fle a0X(r +90). 
al 
We write 
f = > falx,y), 


d>do 
where fy € C[z, y], deg,, fa =d. Then 
1 (oe) 
wae f(a. 81” (r+y)) =fa.r+yi) +>. cf fa(lr +m): 
1 k=1 
On the other hand 
m 
fay) =c]]y—n), cec 
j=l 
so that, if r is a root of of fa(1,y) of multiplicity m1 we get 


m 


fadrtyu)=cet" [J] @tr-ry). 
j=m+1 


The lemma is now obvious. Hf 


The above lemma shows that for every y-regular germ f there exists kg > 0 such that 
for all k > ko all the germs g € $*(f) are nondegenerate. To understand what is happening 
let us consider a few iterations fn > fn4i € B(fn), n = 0,1. 


1 
file, 91) = —ag faa er" +11)) 
1 


We can formally set 2; = 2'/"" and 
y= gwal/wn (y. +11). 


At the second iteration we get ro = 22 = gv and 


yn = 0p! (yo +r) py = gr/en (oon +92) 4 ri) 
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/ wot w22 W221 w22 
= ry oe! Wil + pone w11w12 + You wil W11V12 , 


In the limit we will obtain a power series of the form 


(oe) 
y= Sore, 
21 


where the rational exponents a, are determined inductively from 
W2(k41) 1 
Wi(k+1) W11W12°** Wik 


Okt = Ak + 


where wy, = (wiz, Woz) is the weight of f,. For k > ko we have wi, = 1 so that the 
denominators of the exponents az will not increase indefinitely. In the limit we obtain a 
formal Puiseux series y = y(x) € C((a'/ )) which solves 


f(x, y(a)) = 0. 


Assume for simplicity that f is irreducible in C{z,y}. Then we can write 


— 21 
Jay) = [] @ - ylex)), e = exp(=)- 
k=0 


On the other hand, we know that f(x,y) admits a convergent Puiseux series expansion 
which must coincide with one of the formal Puiseux expansions y(ex). This shows that all 
the Formal Puiseux expansions must be convergent, and in particular, any formal Puiseux 
expansion obtained my the above iterative method must be convergent. 


Example 10.22. Consider the germ f(x,y) = y? — 2° — x". It has weight w = (3,5) and 
fa=y—2°, degy fa = 15 
so that fa(1,y) = y? — 1, which has r; = 1 as a root of multiplicity 1. Then 
fileran) = Fpl (eh e8(1 + an) = (1m) —1— 2h =a + Sy + — af 
The germ f; has weight (1,6) and 
(fila =y1— 21, deg, =6. 


The degree 1-polynomial f;(1,y1) = y1 — 1 has only one root rg = 1, and we can define 


fo(r2, y2) = ap filo, 0f(1 + y2)) = =1( + @$(14 2) 1 | 


= 3(1 + e$)y2 + 323 (1 + yo)? + 297(1 + yo)? — 1. 
In this case w = (1,6), (f2)a = 3y2 — 328, so we can take yo = x§(1 + y3). We deduce 


yo = 28(1+y3), y= 28 (1+ ye), 22 = 21 = yn = 28 +a]? ys 


y= xe(1 +y1), H= gl? y= 2/3 eet ole sett Olay. = 7/3 eaellls i gi By. 
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The above computations suggest that computing the whole Puiseux series expansion 
may be a computationally challenging task. A natural question arises. 


How many terms of the Puiseux series do we need to compute to capture all the relevant 
information about the singularity? 


The term “relevant information” depends essentially on what type of questions we are 
asking. There are essentially two types of questions: topological and analytical (geometri- 
cal). 


Definition 10.23. Consider two irreducible Weierstrass polynomials f; € C{x}[y], 1 = 0,1, 
such that fo(0,0) =0. Set C; := {f; = 0}. 


(a) The germ (Co, 0) is topologically equivalent to (C),0) if there exist neighborhoods U; of 
0 in C? and a homeomorphism 


@:U, > U, 


such that ®(Co N Uo) =CLNU,. 
(b) The germ (Co, 0) is analytically equivalent to (Co, 0) if the local rings Oc,,9 and Oc, 0 
are isomorphic. 


Using Exercise 9.34 we deduce that the germs C; are analytically equivalent if and only 
if there exist neighborhoods U; of 0 in C? and a biholomorphic map WV : Ug — U; such that 


U(Co N Uo) =C 1 NU,. 


Before we explain how to extract the relevant information (topological and/or analytic) 
we want to discuss some arithmetical invariants of Puiseux series. Fix an irreducible Weier- 
strass polynomial f € C{x}[y] and Puiseux series expansion 


zg=t%, y(t)= So agt* 
k>0 
Define the set of exponents of f by 
1 


Zy0: 


Ey = Ey (f) = {5 ag # of G 


Let &1 := min £ \ Z. We write 


We then define 
qd 
Ey =E {+ eZ,} 
2 1 \ 7s qd + 


and, if Hy #0 we set Ko = > = min Ep, 


ne 
rg = — € Qo, me>1, (n,m) = 1. 
meg 
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If the pairs (m1,71),---(m;,n,;) have been selected then define 


q 


B= B\L 
A] 


ge Z,}. 


If Ej}41 = we stop, and if not, we set Kj41 = min £41 


1 M4] 
Kj41 = T5441 ° —, P5411 > , M41 >1, (nj41,™j41) met 
Myst ™M; Mj+1 


The process stops in g < oo steps because (m,---m,;)|N, Vj. The sequence 


{ (msm), (m2,n2),-*° ,(img,ng) 


called the sequence of Puiseuz pairs of f. The integer mj, --- mg coincides with the polydromy 
of N of the Puiseux series expansion. Define the characteristic exponents of Ey, by 


ko = ko(F1) = Mm 1°°°™Mg, kj = kj(£1) = ko Ky = N+ NIMi41°°°Mg, j=1,---g. 
(10.2) 


The Puiseux series expansion can be obtained by applying Newton’s algorithm so we can 
write 


L 
y(a)= > ena, Le Za\s'oo, Cec, rr © Qo; 
k=1 


where 


Wk 1 Op—1 
Tk = Te-1 + — + ———__.,, rg-1 = ————_,, ged (wig, wax) = 1. 
Wik Wit" W1(k-1) Wi1*** W1(k-1) 


There are only finitely many w;; > 1. The Puiseux pairs are exactly the pairs (w1;,n,;) 
such that w1; > 1, where 


Nj = Aj-1Wi1 WG-1) W1j + W9;. 
We have the following classical result. 


Theorem 10.24. Suppose f;(x,y), i = 0,1, are two irreducible Weierstrass polynomials in 
y. Set Cj :={f; =0} CC’. Then the germs (C;,0) are topologically equivalent if and only 
if they have the same sequences of Puiseux pairs. 


This theorem essentially says that if we want to extract all the topological information 
about the singularity we only need to perform the Newton algorithm until wy, --- wim = N, 
where N is the poydromy order of the Puiseux expansion. If f is a Weierstrass y-polynomial, 
then N = deg, f. 

We refer to [5] for a detailed, clear and convincing explanation of the geometric intuition 
behind this fact. We content ourselves with a simple example which we hope will shed some 
light on the topological information carried by the Puiseux pairs. 
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Example 10.25. (Links of singularities of plane curves.) Consider the singular 
plane curve 


C= {eyes y?=2°}, 
It has a single Puiseux pair (2,3). The link of the singularity at (0,0) is by definition 
Ko = Koy = CN OB, 


where B, is the sphere of radius r centered at the origin. We will see later in Chapter 12 
that for all sufficiently small r the link is a compact, smooth one-dimensional submanifold 
of the 3-sphere 0B,. In other words, Kc is a link, which has as many components as 
irreducible components of the germ of C at (0,0). In our case the germ of C' at the origin 
is irreducible so that Kc is a knot. Its isotopy type is independent of r and thus can be 
viewed as a topological invariant of the singularity. 

To understand this knot consider the polydisk 


DP Stag) € Ca) <7, bl ae} 


Note that OD? is homeomorphic to the 3-sphere and it describes an explicit decomposition 
of the 3-sphere as an union of two (linked) solid tori 


OD; =H, U Hy = (OD% * XD.) U (DS *K OD) 


= {lel =r?, yl sr} {lel <r?, [yl =r°}. 
The core of D®, is an unknot Ko situated in the plane y = 0, parametrized by 
S13 0% (ré,0). 

One can show that the knot CN OD, is isotopic to CN OB,. Moreover there is an embedding 

b:{\z| =r} CC > OB,, 24 (a,y) = (2,23) 
whose image is precisely the link of the singularity. It lies on the torus 

T, = OD x OD?*s. 
and carries the homology class 
2[0D%,] + 3[0D%,] € Hy (T;,Z). 


We say that it is a (2,3)-torus knot. It is isotopic to the trefoil knot depicted in Figure 12.1. 
Observe that this link is completely described by the Puiseux expansion corresponding to 
this singularity. More generally, the link of the singularity described by y? = 7, gcd(p, q) = 
1, is a (p, q)-torus knot. 

Suppose now that we have a singularity with Puiseux series 


y = al? 4 4, 
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Then the Puiseux pairs are (2,3), (2,7). To construct its link consider a polydisk 
D? = {(a,y) €C*; |x| <r, lyl < 5}. 
so that 0D decomposes again into an union of solid tori 
OD? = H,U Hy, He = {Isl =r} x {ly Ss}, Hy = {lel Sr} x {yl = 5}. 


We will use the Puiseux expansion to describe the link as an embedding S' + H,. Consider 
the map 


g:St={lzlar/} C8, 24 (ay) = (24,27 +2"). 


Observe that if r3/? + r7/4 < s, then 6(S!) C Hy and the image of ¢ is precisely the link of 
the singularity. 
To understand the knot #(S') we will adopt a successive approximations approach. Set 


$1,¢2:8' + Hy, d1(z) = (27,2), da(z) = b1(2”) + (0,27) = (2). 


The image of ¢; is a (2,3)-torus knot K,. We see that for r < 1 we have |¢2(z)—¢1(z?)| «1 
and the image of ¢ is a knot which winds around Ky 2 times in one direction and 7 times 
in the other direction. Here we need to be more specific abound the winding. This can be 
unambiguously defined using the cabling operations on framed knots. 

A framing of a knot K is a homotopy class of nowhere vanishing sections 7: K > vr, 
where vx — K is the normal bundle of the embedding K <> S$*. We can think of 7 as 
a vector field along K which is nowhere tangent to K. As we move around the knot the 
vector / describes a ribbon bounded on one side by the knot, and on the other side by the 
parallel translation of the knot K 4+ K +7 given by the vector field 7. 

Alternatively, we can think of the translate K +7 as lieing on the boundary of a tubular 
neighborhood Ux of the knot in $3. Topologically, Ux is a solid torus and the cycles K 
and K +7 carry the same homology class in H;(Ux,Z). They define a generator of this 
infinite cyclic group. We denote it by Ax and we call it the longitude of the framed knot. 

The boundary OUx of this tubular neighborhood carries a canonical 1-cycle called the 
meridian of the knot, wx. It is a generator of the kernel of the inclusion induced morphism 


te Hy (OUK,Z) —> Ay(UxK,Z). 


Since this kernel is an infinite cyclic group, it has two generators. Choosing one is equiv- 
alent to fixing an orientation. In this case, if we orient K, then the meridian is oriented 
by the right hand rule. Once we pick a framing 7 of a knot we have an integral basis of 
A,(OUK,Z), (ux,AK). We thus have a third interpretation of a framing, that of a com- 
pletion of wx to an integral basis of H;(OUK,Z). In particular, we see that each framing 
defines a homeomorphism 


Ux > S'x D*, K>S' x {0}, we {1} x OD’, ARKH S' x {1}. 


This homeomorphism is unique up to an isotopy. 
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If (K,7) is a framed knot then a (p, q)-cable of K is a knot disjoint from K, situated in a 
tubular neighborhood Ux of K, and which is homologous to g[ux«] + p[AK] in H1(0UK, Z). 

Each knot bounds a (Seifert) surface in $*, and a tubular neighborhood of a knot inside 
this surface is a ribbon, and thus defines a framing, called the canonical framing. This is 
not the only way to define framings. Another method, particularly relevant in the study of 
singularities, goes as follows. 

Suppose (Ko, /%) is a framed knot, so that we can identify a tubular neighborhood Ux, 
with S' x D?. Denote by 7 the natural (radial) projection S! x D? 4 $' x {0}. A cable of 
Ko is a knot K with the following properties. 


e Koc UK, and KN Ky = 90. 
e The restriction 7: K > Ko is a regular cover, of degree k > 0. 


Fix a thin tubular neighborhood Ux of K contained in Ux, = S! x D*. Then Ux 
intersects each slice S; = {t} x D?, t € S', in k-disjoint disks, A,,--- ,A,, centered at 
pi(t),--- ,pe(t). Fix a vector u € D? and then parallel transport it at each of the points 
pi(t),-:+ ,pe(t), t € S' as in Figure 10.5. In this fashion we obtain a smooth vector field 
along K which is nowhere tangent to K. Its homotopy class is independent of the choice u. 
In this fashion we have associated a framing to each cable of a framed knot. In H,(0UK,, Z) 
we have an equality 


[A] = dK] + kAKo- 


We have thus shown that the cable of a framed knot is naturally framed itself. 


K 


K K 


Figure 10.5: A punctured slice 


Suppose we are given two vectors m,7 € Z" such that gced(m;.nj;) = 1, Vi = 1,--- yr. 
An iterated torus knot of type (m;7%) is a knot K such that there exist framed knots 
Ko,:+: ,Kp—1, Ky = K with the following properties. 


eKo is the unknot with the obvious framing. 
e K; is the (m;,n;)-cable of K;_, equipped with the framing described above. 


If (C,0) is the germ at 0 of a planar (compplex) curve, and its Puiseux pairs are 
(m1,71),-°°+ ,(M,r,n,) then the link CN B,(0) is an iterated torus knot of the type 
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In particular, for the singularity given by the Puiseux series t +> (¢*,t® + t’) the link is an 
iterated torus of type (2,2;3,7). The link of the singular germ y® = 2° is the (3,5)-torus 
knot depicted in Figure 10.6. 


Figure 10.6: A (3,5)-torus knot generated with MAPLE. 


The Puiseux expansion (x(t), y(t)) produces an embedding 
Ry = Cla, yt /(f) > Cit}. 
We have a morphism of semigroups 
ends (city, :) + (Z,,+) 
uniquely defined by 
ord,(t*) =k, ord;(u) =0, Vu € C{t}, u(0) 40. 


The image of R* in Z+ is a monoid I'(f) C (Z4,+). Define the conductor 
c= min{n; n+Z4C r(f)}. 


I'(f) is called the monoid associated to the singularity of a plane curve. 


Example 10.26. (a) Consider again the polynomial f Example 10.20. Then 
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where 
AC {e3 m > 23} 


Then « = 2 so that (m1,n1) = (3, 10), 


n= {Bu (avs nezs}) -4 


It is now clear that kg = 3 and ki = 10. I'(f) contains the semigroup (3,10)1 generated by 
3,10 and it happens that A C (3,10). Hence 


ref) = {3, 6,9, 10,12, 13, 15, 16, 18, 19, 20, 21, 22, 23,--- \ 
Hence c(f) = 18. 


(b) Consider the polynomial f = y? — 2° — 2’ in Example 10.22. Then 


5 11 


1 
=> A, AC =(174+Z4). 
> =hu ’ c (7+ +) 


Fy(f) = { 


Then kp = 3, K1 = 3 so that (m1,n1) = (3,5) and k; = 5. The semigroup generated by 3 
and 5 is 


(3,5)4 = {3,5,6,8,9, (Ties \ 


This shows ['(f) = (3,5)4 and c(f) = 8. 


Let us say a few words about analytical equivalence which is rather subtle issue. More 
precisely we have the following result of Hironaka. 


Theorem 10.27. Suppose we are given two irreducible germs of plane curves with Puiseux 
expansions 


Cr: th (t™, S/ ajt?), Ch: tr, S- byt). 


j21 j>1 
Then the two germs are analytically equivalent if and only if 
ny = nz, 6(C1,0) = 6(C2,0) =: 6, 
and 


a; =b;, Vj =1,--: 20. 


We see that the analytical type is determined by a discrete collection of invariants and 
a continuous family of invariants. Later in this chapter we will see that the Puiseux pairs 
determine the delta -invariant, and the monoid I'(f) as well. To see this we need a new 
technique for understanding singularities. 
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§10.4 Very basic intersection theory 


We interrupt a bit the flow of arguments to describe a very important concept in algebraic 
geometry, that of intersection number. We will consider only a very special case of this 
problem, namely the intersection problem for plane algebraic curves. 

Suppose we have two irreducible holomorphic functions f,g € C{x, y} defined on some 
open neighborhood U of the origin, such that f (0,0) = g(0,0) = 0. In other words, the 
curves 


Cr: {f =O} and Cy: {g =0} 


intersect at (0,0) (and possibly other points). We want to consider only the situation when 
(0,0) is an isolated point of the intersection. This means, that there exists a ball B, in C? 
centered at (0,0) such that the origin is the only intersection point inside this ball. We can 
rephrase this as follows. Consider the holomorphic map 


F:Uc Cc era Cc, (x,y) > (Flay) olay): 


Then CC, = F~'(0) and saying that (0,0) is an isolated intersection point is equivalent 
to the fact that the origin is an isolated zero of F’. Using Proposition 9.39 we deduce the 
following fact. 


Proposition 10.28. The origin is an isolated intersection point if and only if 


u(Cy Cy, 0) = dime C{x, y}/(f,g) < 0. 


The integer (Cy M Cy, 0) is called the multiplicity of the intersection Cp 1 Cy at the 
origin, or the local intersection number of the two curves at the origin. If C' and D are two 
plane curves such that C'M D is a finite set we define the intersection number of C' and D 
to be 


CD > w(COD,p). 
pECnD 


The intersection number generalizes in an obvious fashion to curves on smooth surfaces. To 
justify this terminology we consider a few examples. 

If two distinct lines £1, Le intersect at the origin it is natural to consider their intersection 
number to be zero. By changing coordinates it suffices to assume Ly is the z-axis an Lo is 
the y-axis. Then 


C{z, y}/(z,y) =C 


so that u(L 1 L2,0) = 1 which agrees with the geometric intuition. 

Suppose that Cy and C, intersect transversally at the origin, meaning that the covectors 
df (0,0) and dg(0,0) are linearly independent over C. In particular, the origin is a smooth 
point on each of the curves Cy and Cy. Then the inverse function theorem implies that we 
can find a holomorphic change of coordinates near the origin such that f = x and g = y. 
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(Geometrically, this means that the curves are very well approximated by their tangents at 
the origin.) In this case it is natural to say that the origin is a simple (multiplicity one) 
intersection point. This agrees with the above algebraic definition. 

Let us look at more complicated situations. Suppose 


Ce y= 0, Cys y= 2". 


Thus C; is the x axis, and Cy is a parabolla tangent to this axis at the origin. In this case 
we should consider the origin to be a multiplicity 2 intersection point. This choice has the 
following “dynamical” interpretation (see Figure 10.7). 


y 


y=Xx 


Figure 10.7: A dynamical computation of the intersection number 


To justify this choice consider the curve C,,- given by y = 2? —«¢, 0 < |e| < 1. It 
intersects the x axis at two points P> which converge to the origin as « — 0. 

This dynamical description is part of a more general principle called the conservation 
of numbers principle. 


Theorem 10.29. There exist ¢ > 0 and r > 0 such that for any two functions fe, Ge 
holomorphic in a ball B, of radius r centered at the origin of C? such that 


sup ((f(p) — f-(®)| + l9() — ge)1) < 


peB, 


we have 


w(CzACg,0)= SWC, OCP). 
pEeC sx, ge NB, 


We do not present here a proof of this result since we will spend the next two chapters 
discussing different proofs and generalizations of this result. 

The intersection number is particularly relevant in the study of the monoid determined 
by an isolated singularity. More precisely, we have the following result. 


Proposition 10.30. (Halphen-Zeuhten formula) Suppose f,g € C{0,0} are two ir- 
reducible holomorphic functions defined on a neighborhood U of 0 € C2 such that f is a 
y- Weierstrass polynomial of degree n and the origin is an isolated point of the intersection 
Cr Cy. Consider a Puiseux expansion of the germ (Cy,0), 


m: tes (x,y) =(t", x(t), x(t) € Ct}. 
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Then 


u(Ce OM Cy, 0) = ord,x* (g) = ordig(t”, x(t)). 


Proof 7 is a resolution morphism 
TT: (Cy, 0) = (C, 0) =e Cs 


where C’ f is a smooth curve. We have the commutative diagram 


CO Og Oe Se) 


Ocy,0 Oc,,0 


Then 
ord,7* (g) = dime coker (xa*(g)),  u(C A Cy, 0) = dime coker(xqg). 


The equality dimcoker(xg) = dimcoker(xz*(g)) follows from the following elementary 
linear algebra result. 


Lemma 10.31. Suppose V is a vector space, U C V is a subspace andT : V + V is a linear 
map such that T(U) C U. Then there exists a natural isomorphism coker T > coker T |y. 


Proof of the lemma We think of T : V > V as defining a co-chain complex 


Ky: 0 »vav >0O>0---. 


Then H°(Ky) = kerT = 0 (since f and g are irreducible), H!(Ky) = cokerT. The 
condition T(U) C U implies that 


Ky: 0 sf U +05 0:-- 


is a subcomplex of Ky. Moreover the quotient complex is Ky /Ky is irreducible. The 
lemma now follows from the long exact sequence determined by 


0- Ky —~ Kky — Ky /Ku > 0. @ 


Proposition 10.30 has the following consequence. 


Corollary 10.32. Suppose f € C{x,y} is an irreducible Weierstrass y-polynomial such 
that f(0,0) =0. Then the monoid I'y determined by the germ (C,0) can be described as 


Py = {ulCpCy.0); gE Clery}, 9(0,0) =0, 9 ¢ (A)}. 
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Traditionally, the intersection numbers are defined in terms of resultants. We outline 
below this method since we will need it a bit later. For more details we refer to [5]. 

Recall (see [22, IV,§8], or [39, §27]) that if f and g are polynomials in the variable y 
with coefficients in the commutative ring R then their resultant is a polynomial Ry, in 
the coefficients of f and g with the property that Ry, = 0 if and only if f and g have a 
nontrivial common divisor. More precisely, if 


n m 
i= SSaw’ an #0, 9 = do by’, bm #0, 


k=0 j=l 


then Ry is described by the determinant of the (m+n) x (m+n) matrix 


Qn An-1 ao 0 0 
0 An a, ao 0 
0 eee eee an An—1 eee eee ao 
Dn bm—-1 bo 0 0 
0 bm by bo 0 
0 0 Om bm-1 bo 


Suppose now that f,g are Weierstrass y-polynomials, 
n, . 
f= So ag(a)y*, an(0) 40, g= 5 _d;(x)y’, bm(O0) F 0, 
k=0 


Their resultant of f and g is then a holomorphic function of x 
Rig € Cla}: 

We then have the following result 

Proposition 10.33. Let Cy := {f =0}, Cy :={g =0}. Then 


u(Ce OM Cy, O) = ord; R p4(x) 


Exercise 10.34. Prove Proposition 10.33. (Hint: Use Halphen-Zheuten formula.) 


§10.5 Embedded resolutions and blow-ups 


The link of an irreducible germ (C,0) of plane curve is a circle so its topology is not very 
interesting. However, the link is more than a circle. It is a circle together with an embedding 
in S°. As explained above, the topological type of this embedding completely determines 
the topological type of the singularity. This suggests that the manner in which (C,0) sits 
inside (C’,0) carries nontrivial information. The resolution of singularities by Puiseux 
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expansion produces a smooth curve C anda holomorphic map 7 : C0. Topologically, 
the smooth curve C is uninteresting. All the topological information is contained in the 
holomorphic map 7. We want now to describe another method of resolving the singularity 
which produces an embedded resolution. 

More precisely, an embedded resolution of the curve C <> C? is a triplet (X, CG. 1) where 
X isasmooth complex surface, C Cc X isasmooth curve, 7: X — C? is a holomorphic map 
such that 1(C) = C, the induced map 2: C > C is a resolution of C and the set 1—!(0) is 
a curve in X with only mild singularities (nodes). We will produce embedded resolutions 
satisfying a bit more stringent conditions using the blowup construction in Chapter 3. 

We recall that if M is a smooth complex surface and p € M then the blowup of M at 
p is a smooth complex surface M, together with a holomorphic map 8 = fy : M, > M 
(called the blowdown map) such that 


B:M,\ B-'(p) > M \ {p} 


is biholomorphic and there exists a neighborhood Uy of Ey := B~'(p) in My biholomorphic 
to a neighborhood V of P! inside the total space of the tautological line bundle 7, + P! 
such that the diagram below is commutative. 


(Up, Ey) —— (V,P") 


ba 


(Up; P) (V, 0) 


where Up := B(Up) is a neighborhood of p in M and V = {;(V) is a neighborhood of the 
origin in C’. This implies that we can find local coordinates 21, 22 on U, C M, and an open 
cover Uy, 


with the following properties. 


e2(p) = O4 = 1.2: 2 
e There exists coordinates u1,u2 on UF, 4= 1,2 such that 


UN Ep == Oy 
e Along U} the blowdown map £ has the description 
(u 1,2) + (21, 22) = (ui, uiu2). 
e Along UF the blowdown map £ has the description 
(uy, U2) + (21, 22) = (uiue, U2). 
We will sometime denote the blowup of M at p by 
(M,p) --> M. 
The proper transform of C is the closure in M of B—!(C \ {0}). 
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Example 10.35. Consider again the germ f(x,y) = y>? — 2° — x" we analyzed in Example 


10.22. We blowup C? at the origin and we want to describe the proper transform of the 
curve C’ defined by f = 0. Conside the blowup (C?,O) --» M, denote by C the proper 
transform of C’, and by U a neighborhood of the exceptional divisor E. We have an open 
cover of U by coordinate chartes 


U =U,UU2, 


We denote by (u,v) the coordinates on U; so that =u, y= uv, ENU, = {u =0}. Then 
we have 


B* f (u, uv) = (uv)3 — uw — w= v3 (v? — 1 - vu”). 


This shows that the part of C in Uj intersects the exceptional divisor /& in three points 
Py (up, Vg), & = 0,1,2 given by 


Qrik 


Up =0, UR = exp( )y b= U 1,2. 


Moreover 
u(C NE, Px) =] 


and each of the points P, are smooth points of the curve C (see Figure 10.8). 


Figure 10.8: Blowing up y®? = «° + 2" 
On the chart U2 we have 
B* f (uv, v) = v? — (uv)? — (uv)? = v3(1 — uP? — u® v4) 


Clearly CN EN U2 = 0. This shows that 
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To explain some of the phenomena revealed in the above example we need to introduce 
a new notion. 


Definition 10.36. Suppose C is a plane curve defined near O = (0,0) € C? by an equation 
f(x,y) = 0, where f € C{z,y}, f(0,0) = 0. The multiplicity of O on the curve C is the 
integer ec(O) defined by 


ec(O) = min{ falz-y) #0} 


where fa(z,y) denotes the degree d homogeneous part of f. The principal par f.(z, y), 
e€ = ec(O) decomposes into linear factors 


and the lines L; described by a;z + 6;y = 0 are called the principal tangents of C’ at O. 
Exercise 10.37. Prove that 

ec(Q) = miny(C'N D, O), 
where the minimum is taken over all the plane curves D such that O is an isolated point of 
the intersection CM D. 


For example, the multiplicity of O on the curve C:: {y? = 2°+2"} is 3. The multiplicity 
can be determined from Puiseux expansions. 


Proposition 10.38. Suppose C is a plane curve such that the germ (C,O) is irreducible. 
If C admits near O the puiseur expansion 


cv=t", y=at™+---, a¥0, 
then 


ec(O) = min(m,n). 


Exercise 10.39. Prove Proposition 10.38. 
The computation in Example 10.35 shows that 
ec(O) =C-E. 
This is a special case of the following more general result 


Proposition 10.40. Suppose C is a plane curve. Denote by C the proper transform of C 
in the blowup at C? at O, and by E the exceptional divisor. Then 


ec(O)=C-EB= S> p(Cn£,p). 
pEeCnE 
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Exercise 10.41. Prove Proposition 10.40. 


The computations in Example 10.35 show something more, namely that the proper 
transform of a plane curve is better behaved than the curve itself. The next results is a 
manifestation of this principle. 


Proposition 10.42. Suppose f € C{x,y} is a holomorphic function such that O is a point 
of multiplicity m > 0 on the curve C = {f =0}. Then the proper trasform of C intersects 
the exceptional divisor at precisely those points in P! corresponding to the principal tangents. 
In particular, the blowup separates distinct principal tangents. 


To formulate our next batch of results we need to introduce some terminology. 


Definition 10.43. (a) If My is the blow-up of the smooth complex surface M at the point 
p, then the exceptional divisor EF’ + M, is called the first infinitesimal neighborhood of p. 
(b) An iterated blowup of M is a a sequence of complex manifolds 


Mo, M,,::: , My 


with the following properties 


e M = Mo. 

e M; is the blowup of M;_1 at a point pj;_1, i = 1,--- ,k—1. We denote by F; the exceptional 
divisor in M;. 

ep, € Bi, Vi=1,---,k-1. 


The exceptional divisor E; is called the j-th infinitesimal neighborhood of po. We will 
denote the iterated blowups by 


(Mo, po) --> (M1, p1) --> +++ --* (Mg—1, Pe-1) --> Mr. 
Given a plane curve through O € C, and an iterated blowup 
(C2, O) --> (M1,p1) --> «++ --> My 


we get a sequence of proper transforms C(1) = C Cy) = Cu-1); j =2,--- ,k. The points 
Cy) 1 Ej are called j-th order infinitesimal points of the germ (C,O). To minimize the 
notation, we will denote by E; all the proper transforms of FE; in Mj41, Mj+42,--- , Mz. 

Suppose f € C{x,y} is irreducible and O is a point on f = 0 of multiplicity N. Then, 
after a linear change of coordinates we can assume that f is a Weierstrass polynomial in y 
such that deg, f = N. 


Proposition 10.44. Suppose f € C{x,y} is an irreducibe Weierstrass y-polynomial, and 
deg, f = N =ec(O), C={f =0}. Assume that near O the cuve C is tangent at O to the 
z-axis, so that it has the Puiseux expansion 


y=y(2) = > aja. 


j>N 


116 Liviu I. Nicolaescu 


Then the proper transform of C intersects the exceptional divisor at a single point p and the 
germ (Cp) is irreducible. Moreover, with respect to the coordinates (u,v) near p defined by 
u=x,v=y/x we have p= (0,an) and the germ (Cp) has the Puiseux expansion 


v—-an = se ajuI—-NVIN (10.3) 
j>N 


Proof The fact that C intersects the exceptional divisor at a single point is immediate. 
The expansion (10.3) follows immediately from the equality v = y/x. The irreducibility 
follows from the Puiseux expansion (10.3). 


Suppose now that CC C? is a plane curve such that the germ (C, (0) is irreducible. We 
can choose linear coordinates on C? such that near O the curve C has a Puiseux expansion 
c=; y=atl+---, p=ec(O) <q. 

After 1-blowup the proper transform C(,) will intersect the exceptional divisor at a point 
pi and the germ (C(),p1) has a Puiseux expansion 
=f); gaat Pps. 


In particular, we deduce 


Cay (P1) = min{ (q — p), Pp}. 


If g—p < p we conclude that the infinitesimal point p; has strictly smaller multiplicity than 
O. In general, we have 


g=pmt+r, 0<r<p 


Blowing up m times we deduce that C(,,) intersects the m-th infinitesimal neighborhood of 
O at a point p, and 


CO Pal Sr <p: 
(m) 


We conclude that by performing an iterated blowup we can reduce the multiplicity. In par- 
ticular, we can perform iterated blowups until some infinitesimal point of C’ has multiplicity 
one. We can thus conclude that there exists an iterated blowup with respect to which the 
proper transform of C’ is smooth. 

We want to show there is a more organized way of doing this provided we require a few 
additional conditions. The next example will illustrate some things we would like to avoid. 


11 


Example 10.45. Consider the curve y4 = 2!!. The singular point O has multiplicity 4. 


By making the changes in coordinates 
Ca, ye ay 


we deduce that the proper transform of C' after the first blowup has the local description 
near the first order infinitesimal point p; = (0,0) given by 


a\(y4 — a2") =0. 
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The exceptional divisor F has the equation z = 0 so the multiplicity of p, is 4. 

We blowup again, and using the same change in coordinates as above we deduce that 
the new exceptional divisor is described by x = 0, and the second proper transform of C 
takes the form 


a’ (y* — 2°) =0. 


The second order infinitesimal point pz on C has coordinates (0,0) so that it has multiplicity 
3. To understand the proper transform of F we need to use the other change in coordinates 


Lu >zrYy, yoy 


in which the exceptional divisor is described by y = 0. The proper transform of / intersects 
E> at oo. We can also see this in Figure 10.9. The curves C(,) and EF have no principal 
tangents in common so a blowup will separate them. 

We perform the change in coordinates 7 > ry, y > y near po, i.e. we blow up for the 
third time at pz. The exceptional divisor F3 is described by y = 0, and the 3-rd proper 
transform of the curve C' has the description 


y*(y— 2°) =0 


near the third infinitesimal point p3 = (0,0). The proper transform of EF is described by 
y = 0 so that p3 is a nonsingular point of C3). 

Figure 10.9 describes various transformations as we perform the blowups. As we have 
mentioned, C(3) is already smooth but the situation is not optimal. More precisely, three 
different curves intersect on the third infinitesimal point p3. It will be very convenient to 
avoid this situation. We can separate £3 and E2 by one blowup (see Figure 10.10). 

We perform the change in coordinates 


GOL, yo xy. 


The exceptional divisor £4 is given by x = 0, the proper transform of E3 is described by 
y = 0, and Ciy)is given by 


y= 2’. 


Still, the situation is not perfect because Cy), E3 and Ey have a point in common, p4 We 
blowup at p4 using the change in coordinates 


GOL, yo xy. 


E3 and E4 separate but now the proper transform C(5) goes through the intersection point 
of Fs and the (second order) proper transform of £3. Moreover, near the fifth order in- 
finitesimal point p; the curve C5) has the linear form. A final blowup will separate C5), 
Es and Es (see Figure 10.10). 


Motivated by the above example we introduce the following concept. 
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E x=0 
A. y= x! 
C 
Cy 
EY 
(3, 1-3 E 


Figure 10.9: Resolving y* = x! by an iterated blowup. 


Definition 10.46. Let (C,O) C (C’,O) bean irreducible germ of plane curve. An iterated 
blowup 


(C?,O) --» (M1,p1) —-* +++ --* (My_1,Pn—1) --* Mn 


is called a standard resolution of (C,O) if either (C,O) is smooth and n = 0 or for k = 
1,--- ,n—1 either 


(a 


) 
(b) C (k) 18 smooth but the intersection with Ez at pz is not transverse or 

(c) Ci is smooth, intersects E, transversally at px, but does intersect (also at pz) some 
other oe j <k, and 

(d) C,, is smooth and intersects E,, transversally, and intersects no other Ex. 


Cix) C My has one singular point pz or 


We denote by mx the multiplicity of Ci) at px, 


Mk = CC yy (Pk): 


We also set mo := ec(O). The sequence (mo,m1,--+ ,Mn—1) is called the multiplicity 
sequence of the resolution. 


Arguing as in Example 10.45 one can prove that each irreducible germ of planar curve 
admits a standard resolution. In this example we have constructed a standard resolution of 
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11 


Figure 10.10: Improving the resolution of y* = x'". 


the germ y* = «!!. The multiplicity sequence is (4, 4, 3,1, 1,1). This example shows that the 
multiplicity sequence can be determined from the Puiseux series. In fact, the multiplicity 
sequence completely determines the topological type of a singularity. More precisely, we 
have the following result. 


Theorem 10.47. (Enriques-Chisini) The Puiseux pairs are algorithmically determined 
by the multiplicity sequence, and conversely, the multiplicity sequence can be determined 
from the Puiseux series. 


For a tedious but fairly straightforward proof of this result we refer to [5, Sec. 8.4, 
Them. 12] or [19, Thm. 5.3.12]. We include below the algorithm which determines the 
multiplicity sequence from the Puiseux pairs. Suppose the Puiseux pairs are 


(m1, 71), oa (mg, Ng). 
Form the characteristic exponents 
kj -_ nN; 1 


ko =m ---mg=N, == —___.. 
ko mz My+++Mj-4 
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Perform the sequence of Euclidean algorithms, i = 1,--- ,g for yi and qi, 
x= wate 
gq = 1y-adh+a 
dei) —1 = Lai) de) 


where-y? = Kit = ko = N, 
i-1 


Via Ra hak qi = WG-1): ae ae, 1g. 


Then in the multiplicity sequence the multiplicity qi appears iy times, 1 = 1,---,q 7 = 
1,---&(i). 


Example 10.48. (a) Consider the germ given by the Puiseux expansion 
i= plt/4 
In this case there is only one Puiseux pair, (4,11). The characteristic exponents are 

ko =4, ky = 11. 
We have 

11=2-44+3, 4=1-34+1, 3=3-1. 
We conclude that the multiplicity sequence is 
(4,473, 151,1) 

as seen before from the standard resolution. 
(b) Consider the germ with Puiseux expansion 

y= pl? 4 7/4, 


Its Puiseux pairs are (2,3), (2,7). Using the equality (10.2) we deduce that the characteristic 
exponents are 


HD Ree. eS 21) 
Then x} =k, = 6, qt =4, 

6= 1429 42909, 
Hence (1) = 2, x? = 15, q? =qi =2 

S77 Oise BS 587 
We deduce ¢(2) = 3. The multiplicity sequence is 


(495 0539999741 y 
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The standard resolution of an irreducible germ can be geometrically encoded by the 
resolution graph.. Suppose 


(C,O) --> (Mj, pi) --> +++ --% (My-1,Pn-1) --> Mn 


is the standard resolution. Then the resolution graph has n+ 1 vertices, 1,--- ,n,*. Two 
vertices i<j are connected if the divisors E; and E; intersect. Finally, we connect n and 
* since C intersects Ey. 

From Figure 10.10 we deduce that the resolution graph of the singularity y+ = x!! is 
the one depicted in Figure 10.11. One can prove (see [5, 19]) that the resolution graph can 


-----% 


{ 


Figure 10.11: The resolution graph of y* = x1". 


be algorithmically constructed from the multiplicity sequence. 


§10.6 Intersection multiplicities, the 6-invariant and the Milnor number 


We have so far described several equivalent collections of complete topological invariants of 
an irreducible germ of plane curve. Namely they are 


e The Puiseux pairs, (m1,71),-++ , (Mg, Ng). 

e The characteristic exponents kg = m1-+-M7qg, k1,-++ , kg. 
e The multiplicity sequence. 

e The resolution graph. 


In this section we explain how to use these invariants to compute a few other frequently 
used quantities. 


TO BE CONTINUED 


Chapter 11 


The Milnor number of an isolated 
singularity 


Tougeron theorem states that when interested in the local geometric properties of a holo- 
morphic function f near one of its critical points po, we can neglect most of its Taylor 
expansion at that point, except the terms of order < ~ +1, where yz is the Milnor number 
of that critical point. The Milnor number su(f,po0) has a very elegant but quite opaque 
definition 


L(f, po) := dime Ona bt DOs 


The goal of this Chapter is to unveil some of the rich geometric content of this number. 


§11.1 The index of a critical point and morsifications 


Definition 11.1. Consider a holomorphic map F :0 € U Cc C” > C”. If z € U is an 
isolated solution of the equation 


F(z) =0 
we define the index of F' at zp as the integer 
ind (F. := limd 
ind (F, zo) a CL Ve 
where 
Vre:{|z—z0| =e} 9 {lw] =1} CC’ 
is the smooth map defined by 
Vre(z) = 


When F is the gradient df of a holomorphic function f then ind (df, zo) is called the index 
of the critical point 0 and will be denoted by ind (f, zo) 
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Example 11.2. Suppose 0 is a regular value of the holomorphic map F': U Cc C” > C”. 
If F(0) = 0 then 


ind (F,0) = 1. 
Indeed, we can write 
F(z) = Az+ R(z) 
where A € GL, (C), and 
R(z) = O(|z|)? as |z| > 0. 


Since the group GL,,(C) is connected we can find a continuous deformation (Az)+<¢j0,1; of A 
inside GL,(C) such that Ag = A, Ai := 1. Note that 


|Arz + (1 — t)R(z) -|z| — Clel? 


| >—| 
Ar‘ 

so that there exists eg > 0 so that 
|Ayz + (1 —t)R(z)| #0, VO < |z| < e9, ¢ € [0,1]. 


This shows that for ¢ < €9 we have a homotopy 


1 


= Tea oR 47+ 1 - ORE) 


Viet (2) 


between 
Vee? {|z| =e} > {|w| = 1} 


and the rescaling map 
1 
{zl =e} > {wl =, w= =z 


which has degree 1. 


The computation in the above example is a special case of a more general result con- 
cerning the topological degree of a continuous map. 


Proposition 11.3. Suppose F : {|z| < r} > C” is a holomorphic map such that 0 is a 
regular value. Then for every « > 0 such that F has no zero on the sphere Sz := {|z| =} 
we have 


deg vine = #{3 F(z) =0, |2| <e}. 
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Proof This result is an immediate consequence of the cobordism invariance of the degree. 
Here are the details. 

Denote by 21,:-: , 2m the zeros of F' in {|z| < e}. Isolate them using tiny disjoint, open 
balls B; = B(z;,7r;). Set B := Uj; B; and 


M := {|z| < e}\B. 


Since OM = S,U0OB can regard M as an oriented cobordism between S$; and 0B = LU), 0B;. 
The map F' has no zero on M and we thus get 


S 1 
Vr: M—-> Sy = {|w| = ine b> ro 


Thus 


(deg vie) - [$1] = vrge([Se]) = Fr ((OB)) = D/H ((OBi)) 


= >ind (F, 2) - [Si] = m[S1] 


where at the last step we have used the computation in Example 11.2. Hf 


Corollary 11.4. Suppose 0 € C” is an isolated zero of the holomorphic map 
Pdi e| eb es Ce 
Then there for any for any sufficiently small « and any sufficiently small holomorphic map 
®.:{lz)}<r}3C 
such that 0 is a regular value of F; := F + ®; we have 
ind (F,0) = #{|z| < e; F.(z) =O}. 


In particular, for any 0 < é€ <1 there exists r(c) > 0 such that for any regular value c of 
F satisfying |\c| < r(e) we have 


ind (F,0) := #{|z| <¢«; F(z) =c}. 


Proof Observe that if ®, is small vp4,o,,- is a homotopy from vp_ to vp,,~. The index 
of the latter counts the number of small solutions of F(z) = 0. ™ 


We have the following highly nontrivial result whose proof will be discussed in the next 
section. 
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Theorem 11.5. Suppose F : U CC C® > C is a holomorphic map and 0 € C” is an 
isolated solution of the equation F(z) =0. Then 


u(F,0) = ind (F,0). 


This theorem provides a simple way of computing the Milnor number of an isolated 
critical point using the technique of morsification. 


Definition 11.6. Suppose the holomorphic function f € C{z1,--- ,2n} has an unique crit- 
ical point in a small ball {|z| <r}. A local morsification of f is a small perturbation 


ft+e:f{lzl<e<r}oc 
where y : {|z| < |e|} > C holomorphic which has only nondegenerate critical points. 


If f is a holomorphic function as in the above definition and f+ is a local morsification 
then using Theorem 11.5 and Corollary 11.4 we deduce 


u(f,0) = ind (df,0) = #{|2| < ¢; d(f + y)(z) = 0}. 


Thus when f is slightly (and generically) perturbed by y the (possibly degenerate) critical 
point 0 of f “disintegrates” into the w nondegenerate critical points of f + y. 


Example 11.7. (Brieskorn-Pham singularities) Consider the function 


n 
f(zi,-+° es E On, 2 < a, €Z. 
k=1 


0 is an isolated critical point of f. To morsify f we can perturb it by a generic linear 
function 


n 


f > fe= \“(28" - exzn) 


k=1 


which has only nondegenerate critical points described by the system 
nyzer! =ep,, 1<k<n. 


This system has 


n 


w= [[ (ex -1) 


k=1 


distinct solutions. The above p is precisely the Milnor number of the Brieskorn-Pham 
singularity, i.e. the complex dimension of the local algebra 


Qaf =] Onn fee Oz, f) = C{z,--- sage =0,--- gent = ()) 
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§11.2 Proof that the Milnor number equals the index 


As promised, we present a proof of Theorem 11.5. We will follow the elementary geometric 
approach in [2, Chap. 5]. For an analytical proof we refer to [14, 5.1,5.2]. For a mostly 
algebraic proof we refer to [34] or [37, IV.1]. 

Here is a rough outline of the proof. We will define an equivalence relation on the space 
of germs at 0 of maps C” > C” such that both the Milnor number and the index do not 
vary within an equivalence class. We will then find a complete set of representatives of this 
equivalence relation for which both the Milnor number and the index can be shown to be 
equal by elementary computations. 

Denote by §, the space of germs at 0 of holomorphic maps F : U Cc C* > C”, such 
that F'(0) = 0 and p(F,0) < co. 


Definition 11.8. Two germs F,G € §, are called algebraically equivalent (or A- 
equivalent for brevity) and we write this 


FuaG 
if there exists a holomorphic map 
A=A(z):0€UCC 4GL,(C) 


such that F(z) = A(z)G(z). 


Definition 11.9. For every ™ = (m1,--- ,mn) € Z) we define ®;, € F, by the equations 
1 22 tot PO eS 


@,;, is called a Pham map. 
Theorem 11.5 is a consequence of the following facts. 


Proposition 11.10. For every F € $n there exists a Pham map ©, such that 


Fw40,4+tF, Vt. 


Proposition 11.11. For every multi-index m we have 


Proposition 11.12. 


F ~4 G = ind (F,0) = ind (G,0). 
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Proposition 11.13. 


FawysG = nw(F,0) = u(G,0). 


Proposition 11.14. Suppose Fy : {|z| <r} CC" > C" is a holomorphic map depending 
holomorphically on \ € C*, |\| < e. Suppose the equation F(z) =0 has only the solution 
z=0. Then 


ind (Fy,0)= 5S > ind(Fy,¢) (11.1) 
Fy(¢)=0 
Fy(¢)=0 


Proposition 11.15. 
ind (F,0) < w(F,0), VE € Fn. 


Let us first explain why the above facts imply Theorem 11.5. Let F € §,. Choose a 
Pham map ® such that 


Fa4%)\:=O+4)F, Vi40. 


Fix a small neighborhood U of 0 and denote by ¢;(A) the zeros of ®) in U. We obtain the 
following relations 


u(®,0) > D0; H(®a, GA) ) by (11.2) 
u(®,G(A)) > ind (®),¢;(A)), Vi by Proposition 11.15 

>, ind (®, ¢;(A)) = ind (4, 0) by (11.1) 
ind (®,0) = (, 0) by Proposition 11.11 


It is now clear that all of the above inequalities are equalities and since 0 is one of the roots 
of ®) we deduce 


L(®), 0) = ind (®), 0). 
Now, since fF ~4 ®) we deduce 


p(F,0) = u(®y, 0) = ind (®),0) = ind (F,0). 


Let us now prove Proposition 11.10 -11.15. 
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Proof of Proposition 11.12 Observe first that if F ~4 G then, arguing exactly as in 
Example 11.2, we conclude that there exist a small sphere S-{|z| = <} and a continuous 
deformation H; € ¥n, t € [0,1], such that Hp = F, H; = G and 


Hy, (S.) 0 {0} = 0. 
More precisely. H; is a two-step deformation. If G(z) = A(z)F(z) we first deform 
F(z) > Fi(z) = BF (z) — U(z) = A(0) F(z) 
where t + B,; € GL, (C) is a smooth path from 1 to A(0). Next we deform 
U(z) > Ui(z) = A(tz) F(z) > G(z). 


The homotopy H; produces a homotopy vy,,- connecting vpz to vg, thus proving Propo- 
sition 11.12. Hf 


The proof of the additivity relation (11.1) is identical to the proof of Proposition 11.3. 
Exercise 11.16. Fill in the missing details in the proof of (11.1). 


Proposition 11.13 follows from the observation 


FrusaG > Tp Ig > Op Qa. 


Proof of Proposition 11.10 Let F € §,. We will use the following auxiliary result. 


Lemma 11.17. Let pw := u(F,0). IfG € &n is a perturbation of F such that jy(F) = ju(G) 
then F ~, G. 


Proof of the lemma We know that Wt C Ip so there exist aij © WM, such that 


gett 3G;-F = Say: 
j 


Thus 
G= (1 Be A)F 


where A(z) = (aij(z))i<ij<n. Clearly B(z) = 1+ A(z) € GL,(C) for sufficiently small z. 
This proves F ~, G. Hf 


Consider ™ = (u+1,---,w+1)€Z™ and set 0 = 0,, 0, = G+ AF. Then 
AP wa dF, VAL0 
while j,,(AF) = jyn(®,) so that by the above lemma 
NE wig Dy: 


This completes the Proof of Proposition 11.10. 
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Let us now observe that Proposition 11.15 follows from (11.2). To see this consider the 
perturbation F\ = F — X. If is a regular value of F then for every ¢ € F~!(A) we have 


U(Fy,¢) = ind (Fy, ¢) a 


because, by the inverse function theorem, up to a change in coordinates the germ of F at 
zero is the germ of the identity map. Hence 


ind (F,0)= So ind(Fy,6)= SY) wl, 6) <ul, 0). 


CeF-(d) CEF—1(A) 


The subadditivity property (11.2) is much more subtle and requires a more in depth 
study. We need to introduce additional terminology. 

For any open set U Cc C* we denote by O(U) the space of holomorphic functions 
f :U >Cand by P(U) C O(U) the subspace consisting of polynomials. If 


PS (Aes eS CO 


is a holomorphic map then we denote by I7(U) the ideal of O(U) generated by (F1,--- , Fy). 
We set 


Qr(U) := OU)/Ip(U), QY(U) := P(U)/Ir(U) C Qr(U). 


Qr(U) is called the algebra of F on U while Q%.(U) is called the polynomial subalgebra. The 
subadditivity property is an immediate consequence of the following two auxiliary results 
of independent interest. 


Lemma 11.18. For every holomorphic map G: U Cc C" + C” such that dimc Q?;(U) < co 
we have 


SY ulG,¢) < dime QU). 


CEG (0) 
Lemma 11.19. For every deformation F\ of F there exists a neighborhood U of 0 € CC® 
such that for all sufficiently small  € C® we have 


dime Qf, (U) < u(F, 0). 


Proof of Lemma 11.18 The proof will be carried out in several steps. 
Step 1. k := dimc Q?,(U) < 0 => “(G,¢) < co, V6 € G~'(0). We will show that 
mk Cc Ie. 


Assume for simplicity ¢ = 0. Suppose M = z;, ---z;, is a degree k monomial. Observe that 


the family of monomials 


k 


1, 2j15 2 jr Zjas* 0 5 Bro? Zp 
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is linearly dependent in Q?,(U) so that there exist ao,--- ,a~ € O(U) such that 
ag + .412;, +--+ + a42;, °°: 2, € IgV). 
Denote by m the first index 7 such that a;(0) 4 0. We deduce 
24,°°+24,(a@, +X) €Ig(U), X € OU), X(0) =0. 
The function p = a; + X produces an invertible germ in O,,¢ so that 
ey te Bee Te 6 2 2G Tet = MK ie Fane 


Step 2. #G~'(0) < dimc Q?,(U). Suppose there exists m distinct solutions ¢1,-++ ,Gm of 
G(z) = 0. There exist polynomials P; such that 


Pi(Cj) = 6:3 


where 6;; denotes the Kronecker symbol. The images of these polynomials in the polynomial 
algebra Q?,(U) are linearly independent showing that m < k. 


We define the multi-local algebra of G by 
Ag) = QB Qa.c- 
GEG 1(0) 


Observe that there exists a natural projection 


mt: O(U) + Ag(U). 


Step 3. Ag(U) = z(P(U)). Denote by ¢1,--- ,Gm the roots of G. (By Step 2m < k < ov). 
By Step 1 each of them has finite multiplicity 


Mi = w(G, Gi). 


Since Oe C Ig, we deduce that if f,g ¢ O(U) have the sane jets of order ju; at ¢; then 
m(f) = m(g). The desired conclusion follows from the fact that we can find polynomials 
with arbitrarily specified jets at a finite number of points. 


Step 4. Conclusion 


Step 
>) W(G,¢) =dimAg(U) < 
¢eG~*(0) 


3 
dimc Q2,(U). & 


Proof of Lemma 11.19 Assume (only for notational simplicity) that the perturbation 
parameter is one dimensional \ € C (as opposed to \ € C*). Consider the holomorphic 
deformation F\, 4 € C. It defines a map-germ 


F:(C® xC0) 3 (C® x C0), (z,A) 8 (Fy(z),d). 
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Step 1. Qro = Qf 9- Moreover if the function e1,--- ,e, define a basis of Qro then they 
also form a basis of Q» o- 
This isomorphism is induced by the obvious map 


C{z,--- ,2n} 4 Cfar,--- ‘ran A) 


Cfz1,°°: int Bad ie sen) ef Cys Pn) € C{z,--- eagre 


The map F' induces a quasi-finite morphism (@ = (21,°°+ Zn; A), y = (wi,°++ ; Wn, A)) 


A 


F*: Onsi(y) + Onsi(x), fly) f(F(2)). 


By Step 1 we can find e;(z),--- ,e,(z) € On such that any y € On+1(z) has a Weierstrass 
decomposition. More precisely, this means that for any y € On41(x) there exist y;(y) € 
On+1(y) so that 


p(x) = So ei(z)(F* gi)(2) = > es(2)pi(F(@)). (11.3) 
i i 
In fact we can be much more precise about the domains of convergence of the germs ;(y). 


Step 2. There exist open neighborhoods U,,U2 of 0 in the target space (y-coordinates) 
and source space (x-coordinates) of F such that, for any polynomial y = (zx), its Weier- 
strass decomposition is well defined over U; and U2. More precisely, this means that the 
corresponding holomorphic functions y;(y) are defined over U, and F(U2) C Uy. 

Consider the finite set of germs 


a= {1, Crepe), Leap a ls i<k<ph. 


We define U, to be an open poly-disk centered at y = 0 so that all the y; entering into the 
Weierstrass decompositions (11.3) of the function y € ® converge on U;. We then define 
Uz as the sub-domain of F~!(U;) where the all germs e;(z) converge. 

We proceed by induction on the degree. Every polynomial P can be put in the form 


P= S-ajQi te-1, deg Q; < deg P. 
J 


Q,; has a Weierstrass decomposition over (U;, U2) 
Q; = >> anj(yer(2) 
k 


so that 


P= So SS anjxjen(z) hex = > doly) lz). 
j ok 


pee 


We can now use the Weierstrass decomposition of y € ® over (U,, U2) to obtain a Weierstrass 
decomposition of P over (U1, U2). 
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Step 3. Conclusion There exists an open neighborhood U of 0 € C” such that for all 
sufficiently small X we have 


spane{e1, i :€u}/In, (U) ee) Qi, (U). 
In particular 4 > dim Q%, (U). 
Using Step 2 we can find a neighborhood of zero U x V Cc C” x C and a ball B in the 


target space of F’ such that F(U x V) C B and over U x V any polynomial P = P(z) can 
be represented as 


P(z) = D0 giw, A)ei(z), w = Fa(z). (x) 
i 
Using Hadamard Lemma we obtain the representations 


vi(w, A) = vi(0,d) + 55 wj yi; (w, A). 
J 


We substitute these decompositions in («) and we get a representation (c;(A) = y;(0,)) 
Pe)= So ci(A)es(2) + S> hyl2; A), y= Py (2): («*) 
Observe that the second sum belongs to Ij, (U). This completes the proof of Lemma 11.19. 


Chapter 12 


The link and the Milnor fibration 
of an isolated singularity 


In this chapter we will enter deeper into the structure of an isolated singularity and we will 
introduce several very useful topological invariants. 


§12.1 The link of an isolated singularity 


Suppose f € C{z1,--- ,%n,} is a holomorphic function defined on an open neighborhood of 
0 in C” such that f(0) = 0, 0 is a critical point of f of finite multiplicity, i.e. 


p= dimc O,/I(f) < 00 


where we recall that 3(f) € O, denotes the Jacobian ideal of f, i.e. the ideal generated 
by the first order partial derivatives of f. According to Tougeron theorem we may as well 


assume that f is a polynomial of degree < +1 in the variables z1,--- , Zp. 
The origin of C” is an isolated critical point of f and, according to the results in Chapter 
10, for every sufficiently small r > 0 and every generic small vector & = (€1,--+ ,én) € C” 


the perturbation 
1 
g=f +5). e52} Br = {zl <r} > Dy == {lw| < 9} 
J 


has exactly jz, nondegenerate critical points p),--- ,p, and the same number of critical 
values, wW1,°-* ,W,, that is g is a Morse function. Moreover, the generic fiber Fy = g '(w), 
0 < |w| < 1 is a smooth manifold with boundary. We can now invoke the arguments in 
Chapter 7 (proof the Key Lemma) to conclude that if we set 


Xq=97'(Dp) 1 By 
then Fy C X, and 


0 k#n 


a pe 4 (12.1) 


Fy, (Xq, Fy; Z) = { 
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We can actually produce a basis of H,(X,, Fy; Z) by choosing a point e on OD, and joining 
it by non-intersecting paths u1,--- ,u, inside Dy, to the critical values w1,--- ,w,. Each 
critical point p; generates a vanishing cycle A; thought as a cycle in the fiber over e. By 
letting this vanishing cycle collapse to the critical point p; along the path u; we obtain the 
thimble T; € H,(X,,F,). Clearly, the special form of g played no special role. Only the 
fact that g is a morsification of f is relevant. To proceed further we need the following 
consequence of Sard theorem. 


Lemma 12.1. There exists ro > 0 such that, for all r € (0,ro], the restriction of the 
function 


y:C 3R, 246 |Z)? 


to f-'(0) M(B, \ 0) has no critical points. 
If we set 
L,(f) = f-'(0) 1 AB, =v" (nr?) 9 F"(0) 


we deduce that L,(f) = L,,(f). This diffeomorphism is given by the descending gradient 
flow of v along f—'(0). For this reason we will set 


Ly :=L,(f), 0<r <1. 


This smooth manifold is called the link of the isolated singularity of f at 0. It has codi- 
mension 2 in the sphere 0B, and thus is a manifold of dimension (2n — 1). The function f 
defines a natural family of neighborhoods of L,(f) @ OB,, 


Urc(f) = {2 € OBr; |f(Z)| Sc}, O< 6 <1. 
U;,< could be regarded as a fattening of the link L,(f). 


Example 12.2. (a) Ifn = 2 and f = f(z, 22) then Ly is a one dimensional submanifold 
of the 3-dimensional sphere 0B, i.e a knot or a link in the 3-sphere 0B,. The (knots) links 
obtained in this fashion are called algebraic knots (links). For example, if f = z? + 23, then 
Ly is the celebrated trefoil knot (see Figure 12.1). It also known as a torus (2,3)-knot. To 
visualize consider the line 


fo3 = {3y = 22} CR’ 


and project it onto the torus R?/Z?. It goes 2-times in one angular direction and 3 times 
the other. 

(b) If n = 3 and f (21, 22, 23) = z]' + 25° + 25° then the link of f at zero is a 3-manifold. 
It is usually denoted by “(a1,a2,a3) and is referred to as a Brieskorn manifold. If the 
exponents a; are pairwise coprime, then (a1, a2,a3) is a homology sphere. For example 
&(2,3,5) is known as the Poincaré sphere. It was the first example of 3-manifold with the 
same homology as the 3-sphere but not diffeomorphic to it. 
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Figure 12.1: Two equivalent diagrams for the trefoil knot 


§12.2 The Milnor fibration 


Let us now return to the general situation. Since 0 is an isolated critical point, there exists 
£9 > 0 such that all the values 0 < |w| < €9 are regular values of f. Restriction of f to the 
sphere OB, vanishes in the complement of the link L,(f) C OB, and thus defines a smooth 
map 


0 = O;,: OB, \ L,(f) +S, po f(p). 


ss 
lf (p)| 


We have the following important result. 


Theorem 12.3. (Milnor fibration theorem. Part I) There exists ro = ro(f) > 0 such 
that for all r € (0,70) the map Of, has no critical points and defines a fibration 


O;, : OBy \ Ly(f) > S* 


called the Milnor fibration. Its fiber is a real, 2n — 2-dimensional manifold called the 
Milnor fiber. We will denote it by ®,(f). 


Remark 12.4. Let (e,e) denote the Hermitian inner product on C”, conjugate linear in 
the second variable, 


We can think of C” as a real vector space as well. As such, it is equipped with a real inner 
product 


(o,e) = Re (e,e). 
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Any (complex) linear functional L : C’ + C has a Hermitian dual L' € C” uniquely 
determined by the requirement 


(v, L') = L(v), Ww eC”. 


The real part of L defines a (real) linear functional ReL : C” > R. It has a dual L’ € C” 
with respect to the real metric uniquely defined by the condition 


(v,L>) =ReL(v), Woe Cr. 
It is easy to see that LD’ = zh. 


Proof of the Milnor fibration theorem We follow closely [29, Chap. 4]. Define the 
gradient of a holomorphic function h(z1,--- ,2,) to be the dual of the differential df with 
respect to the canonical Hermitian metric on C”. More precisely 


By definition, 
dh(v) = (v, Vh), Vu EC’. 
Let us first explain how to recognize the critical points of O. 


Lemma 12.5. The critical points of Of, are precisely those points 7 € OB, \ L,(f) such 
that the complex vectors 


iV log f and 7 
are linearly dependent over R. 


Proof of Lemma 12.5 27 ¢€ 0B,\L,(f) isa critical point of f if and only if the differential 
dO vanishes along T;0B,, i.e. 


dO(v) =0, Vu € C” such that Re(Z,v) = 0. 
If we locally write 
f =|flexpGé) 
then we can identify 
© = 6 = ~i(log f — log(|f))). 


Since |f|? = f f we deduce 


d\f| = apt) = aie + faj) 
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and 


do = -i(dlog f - dlog|f|) =-i(4 - So 


ie 


abd. Veg dfy\ 1 of Jdf\\ ? 
= «(f- (444) = 5(-4 (=4)) = —Re(idlog f). 


df 
ra 
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Hence dO(v) = 0 for all v € C” such that Re(v, Z) = 0 implies that (idlog f)’, the dual of 
Re (idlog f) with respect to the real inner product on C” is colinear to 7. Lemma 12.5 is 


now a consequence of Remark 12.4. Hf 


To prove Milnor fibration theorem we first need to show that if |Z] is sufficiently small 
then the vectors iV log f and Z are linearly independent over R. We will rely on the following 


technical result. 


Lemma 12.6. Suppose 7: [0,¢) > C” is a real analytic path with Z(0) = 0 such that for 
allt >0 f(zZ(t)) £0 and Vlog f (Z(t)) is a complex multiple of Z(t) 


V log f(2(t)) = A) Z(t), A(t) € C*. 


Then 


Att) 
No AO] 


Proof of Lemma 12.6 We have the Taylor expansions 


Zb= Sat. iy 7 0 


v>lo 


$20) =S_ aut", Gy F 0 


v>mo 


and 


Vit) = SLB, ting £0. 


v>no 
The equality V log f (z(t)) = A(t)Z(t) is equivalent to 
Vi (Z(t) = A(t) 2) F (2). 


Using the above Taylor expansions we get 


138 Liviu I. Nicolaescu 


We deduce that A(t) has a Laurent expansion near t = 0 


X(t) = t"° 63 it"), 


k>0 
where 
To := Ng — Mp — Lo, Lins = NOG Zp + 


Thus, as t \, 0 we have A & At’? and we need to show that Xo is real and positive. 
Using the identity 


a = (29 vs2wy) = (=, A(z) Flz)) 


we obtain 
iia As Seite ) = ((loziet*! peter i! Ce nee )) 
so that 
_ giz 2 
MiGs = LolZi5|" Ora: 
This shows Xo € (0,00) as claimed. Mf 


Lemma 12.7. There exists €9 > 0 such that for all Z € C’ \ f—'(0) with |Z] < eo the 
vectors Z and V log f(Z) are either linearly independent over C or 


V log f(Z) = XZ, 
where the argument of the complex number » € C* is in (—1/4, 7/4). 
Proof of Lemma 12.7 Set 


oe {l21 €C"; Zand V log f(Z) are linearly dependent over ch. 


The above linear dependence condition can be expressed in terms of the 2 x 2 minors of the 
2 x n matrix obtained from the vectors 7 and V log f(Z) = +(Vf). Thus 3 is a closed, real 
algebraic subset of C”. 

A point 7€ C” \ f—'(0) belongs to 3 if and only if there exists \ € C* such that 


Vi (Z) = Af (Zz. 
Taking the inner product by f(Z)Z we obtain 
|’. 


w(2) = (VF 2). FEZ) = MIB) 


This shows that has the same argument as ju(Z). Since 


| arg(C)| < 1/4 <> Re ( oe i)¢) >0 
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we set 


(1] 


= {z Me ((1 £i)u(Z)) < 0}, EB: B,UE.. 


Assume 0 is an accumulation point of W := 31 & (or else there is nothing to prove). Set 
Ws :=3N04. 

The Curve Selection Lemma in real algebraic geometry! implies that there exists a real 
analytic path z(t), 0 < t < € such thatz(0) = 0 and either z(t) € W, for all t > 0 or 


Z(t) € W_ for all t > 0. In either case we obtain a contradiction to Lemma 12.6 which 
implies that 


_ arg 11(Z(t)) = 0 
while | arg p(2Z(t))| > 2/4. 

This contradiction does not quite complete the proof of Lemma 12.7. It is possible 
that the set 3 \ f—!(0) contains points 7 arbitrarily close to 0 such that either (Zz) = 0 
or | arg j(Z)| = 7/4. In this case we reach a contradiction to Lemma 12.6 using the Curve 
Selection Lemma for the open set in the algebraic variety 


Re ((1 + i)u(Z) )Re( (1 — iu (Z)) =0 
defined by the polynomial inequality |f(Z)|? > 0. 


We have thus proved that 


: de Sep raes 
Op OBe Ef) S85; 24 


has no critical points. 
We could not invoke Ehresmann fibration theorem because 0B, \ L,(f) is not compact. 
Extra work is needed. 


Lemma 12.8. For all r > 0 sufficiently small there exists a vector field v tangent to 
OB, \ f7'(0) such that 


¢(z) := (v(Z), iV log f(Z)) #0 and |arg¢(Z)| < 1/4. (12.2) 


‘Curve Selection Lemma: Suppose V C R™ is a real algebraic set and U C R™ is described by finitely 
many inequalities, 


U={xeR™; gi(z) >0,--- ,ge(x) > 0} 


where g; are real polynomials. If 0 is an accumulation point of UM V then we can reach o following a 
real analytic path. This means there exists a real analytic curve p: [0,1) — R” such that p(0) = 0 and 
p(t) € UNV for all t > 0. 
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Proof The vector field will be constructed from local data using a partition of unity. 
Consider 2 € OB, \ f—!(0). We distinguish two cases. 


A. The vectors Z and V log f(Z) are linearly independent over C. In this case the linear 
system 


(v, 20) = 0 


1 


(v, iV log f (Z)) 


has a solution v = v(Z). The first equation guarantees that Re(v,Z) = 0 so that v is 
tangent to OB,. 


B. V log f(%) = 2%, A € C. In this case we set v(Z) := iz. Clearly Re(v, %) = 0 and, 
according to Lemma, 12.7, the complex number 

(v, iV log f (2)) = (420, iV log f ()) = AlZ0|? 
has argument less than 7/4 in absolute value. 


Extend v(Z) to a tangent vector field uz, defined along a tiny neighborhood Uy, of 
2 in OB, \ f—1(0) and satisfying the (open) condition (12.2). Choose a partition of unity 
(nz) C C§°(OB, \ f-1(0)) subordinated to the cover (Uz) and set 


Vi= So neg, - 
k 


This vector field satisfies all the conditions listed in Lemma 12.8. 


Normalize 
2s 1 - 
wl) = Few, ivlog flay 
The vector field satisfies two conditions. 
e The real part of the inner product 
(w(Z), iV log f (2)) (12.3) 

is identically 1. 
e The imaginary part satisfies 

lpe(w(z), V log f (2) om (12.4) 


(This follows from the argument inequality (12.2).) 


Lemma 12.9. Given any % € OB, \ f—'(0) there exists a unique smooth path 
y:R—- OB, \ f~'(0) 
such that 


10) = 4, = w(t) 


In other words, all the integral curves of w exist for all moments of time. 
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Proof Denote by y the maximal integral curve of w starting at Z. Denote its maximal 
existence domain by (T_,T,). To show that Tx = +00 we will argue by contradiction. 
Suppose T; < oo. This means that as ¢ 7% T, the point y(t) approaches the frontier of 
OB, \ f~*(0),or better yet 


FV) Nc 0 == log [f(74))| \v -00 <=> Re log f(y(t)) \v —00. (12.5) 


On the other hand, 


< melog f(r(t)) = Re(S, V log f) = Re(w(y(t)), Vlog f) "> —1 


so that 


Re log f(7(t)) > Re log f(Z) — t. 


This contradicts the blow-up condition (12.5) and concludes the proof of Lemma 12.9. 


Suppose 7(t) is an integral curve of w. We can write 


f(y(t)) = |f (y@))| exp G6) 
and 


do(t) id dy (12.3) 


a = Tq le f(y) = Rel iV log f(y) = 1. 


Hence 0(t) = t + const and thus the path y(t) projects under ©, to a path which winds 
around the unit circle in the positive direction with unit velocity. Clearly the point y(t) 
depends smoothly on the initial condition % := y(0) and we will write this as 


V(t) = Hy(2o). 


H, is a diffeomorphism of 0B, \ f—1(0) to itself, and mapping the fiber 07! (e!#) diffeomor- 
phically onto OF! (e+), This completes the proof of the Fibration Theorem. ll 


Chapter 13 


The Milnor fiber and local 
monodromy 


We continue to use the notations in the previous chapter. 


§13.1 The Milnor fiber 


We want to first show that the function |f| : 0B, \ Z,(f) has no critical values accumulating 


to zero. In fact, a much more precise statement is true. For each angle 0 € [—7,7] we 
denote by ®,(0) = ®,(f,0) the fiber of Of, over ei. 


Proposition 13.1. Fix an angle 6 € [—1,72].There exists ro > 0 with the following prop- 
erty. For everyO<r<ro there exists c=c(r) > 0 such that 


®,,e(8) = (8) {If| >} = rf) \ Urelf) 
is diffeomorphic to the Milnor fiber. 


Proof We will prove a slightly stronger result namely that for every sufficiently small r 
there exists c = c(r,9@) > 0 such that the function |f| : ®,(f,@) > R, has no critical values 
<c(r). Then the diffeomorphism in the proposition is given by the gradient flow of |f|. 

We first need a criterion to recognize the critical points of |f|, or which is the same, the 
critical points of log | f|. 


Lemma 13.2. Fiz an angle 6 € [—1, 2]. The critical points of log|f| along the Milnor fiber 
®,(0) are those points Z such that V log f(Z) is a complex multiple of Z. 


Proof Set h(Z) := log |f(Z)| = Relog f(z). Observe that for every vector v € C” we have 
dh(@) = Hels, V log f (2). 


Thus 7 is critical for h restricted to the Milnor fiber if and only if V log f(Z) is orthogonal 
to the tangent space T;® of ©,(6) at Zz. The fiber is described as the intersection of two 
hypersurfaces 
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so that the orthogonal complement is of T;® in C” is spanned (over R) by V|Z|? and 
VO, = iV log f(z). Thus 7 is a critical point if and only if there exists a linear relation 


between the vectors 7, V log f(z) and iV log f(Z). This proves Lemma 13.2. Hi 
As in the previous chapter, set 
a= {z and V log f(Z) are linearly dependent over ch, Ag= 3 D8): 


Both 3 and 39 are real algebraic varieties and we have to show that 3M f~'(0) contains no 
accumulation points of 39. We argue by contradiction. If % € 39 f~'(0) is an accumulation 
point of 3g then there would exist a real analytic path 7: [0,<) > 3 such that z(0) = % 
and Z(t) € 39, Vt > 0. Clearly log | f(Z)|is constant along this path so that |f(z)| is constant 
as well. This constant can only be | f(Z)| = 0 which is clearly impossible: |f| > 0 on ®,(0). 
This concludes the proof of Proposition 13.1. Hf 


The Milnor fiber can be given a simpler description, which will show that it is equipped 
with a natural complex (even Stein) structure. 


Proposition 13.3. Consider a very small complex number c = |cle” #0. The intersection 
of the hypersurface f—'(c) with the small open ball B,, 


M,(f) = Mre(f) = fi" OB, 
is diffeomorphic to the portion ®,).(0) C ®,(6) of the Milnor fiber. 


Proof Using the same local patching argument as in the proof of Lemma 2.6 of Lecture 
11 we can find a vector field v(Z) on B, \ f~!(0) so that the Hermitian inner product 


(v(z), Vlog f(2)) € Ry, Vze B,\ f-1(0) (13.1) 
and the inner product 
Re(v(Z),2) >0 (13.2) 


has positive real parts. Now consider the flow determined by this vector field, 


dz 
gO 
on B, \ f~!(0). The condition 


(= Viog £(2)) ER, 


shows that the argument of f(Z(t)) is constant and that |f(Z)| is monotone increasing 
function of t. The condition 
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guarantees that t +> |Z(t)| is strictly increasing. 
Thus, starting at any point 7 of B, \ f—'(0) and following the flow line starting at 7 
we travel away from the origin, in a direction increasing |f|, until we reach a point ¢ on 


OB, \ f~*(0) such that 


The correspondence 
ZO 
provides the diffeomorphism f~!(c) MB, ®,.).\(argc) claimed in the proposition. 


Definition 13.4. Fix a sufficiently small number « > 0. A (e-) Milnor vector field for 
f is a vector field on B,, which 


(a) satisfies (13.1) on B,, and 
(b) both conditions (13.1) and (13.2) on B,, 1 {|f| > e}. 


The above proof shows that f admits Milnor vector fields. 
Corollary 13.5. ({29, Milnor]) For sufficiently small c > 0 the fibration 


f-(OBe) + ODe = fee”; ol <a}, 24 F(2) 
is diffeomorphic to the Milnor fibration 


AB, \ f-'(D-) 3 81, Za 


[f()| 


We thus see that the Milnor fibration is a fibration over S$! with fibers manifolds with 
boundary. Such a fibration is classified by a gluing diffeomorphism 


Dy: ®,(f) > ®(f). 


Theorem 13.6. (Milnor fibration theorem. Part II) Suppose f € C[z1,--- , Zn] is a 
polynomial such that 0 € C” is an isolated singularity of the hypersurface 


Gta f- OVC CO, 


i.e. f(0) = 0, df(0) = 0. Denote by yw the Milnor number of this singularity. Then there 
exist po > 0, €9 > 0 and dg > 0 with the following properties. 


(a) f has no critical values 0 < |w| < eo and every morsification g of f such that 


sup |f(Z) — g(Z)| < 40 
ZEBpog 


has exactly js critical points p1,--: ,Py € Bp,(0) C C” and exactly ps critical values w; = 
f (pj), |wy| < €0- 
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(b) For every0 <e<€9 and0 <r < po the fibrations 
f:f 7 (ODe) 1B, 3 ODe, Of, : OBy \ f7'(De) 3 S" 


are isomorphic. 

(c) If w € D; \ {0} is a regular value of g then the Milnor fiber Myw(g) = g7'(w) 0 By 
of g is diffeomorphic to M,(f) 

(d) The Milnor number u = w(f,0) is equal to the middle Betti number of the Milnor 
fiber. More precisely, 


Ze pew dina, (f)) 
Hy(M,(f),Z) © (3:3) 
0 kAn-1 


Proof Part (a) is essentially the content of Chapter 10. 
(b) The isomorphism 


f:f'(OD.) NB, > OD, —> Of, : OB, \ f-'(De) 2 S" 


follows from Corollary 13.5. 

(c) This follows from the fact that g approximates f very well and thus the regular fibers 
of g ought to approximate well the regular fibers of f. 

(d) To prove this define as in the beginning of Chapter 11 


Then 


(13.4) 


Next, observe the following fact. 
Lemma 13.7. The manifold with corners Xq is contractible. 


Sketch of proof The idea of proof is quite simple. Since g is very close to f we deduce 
that X,(g) is homotopic to X,(f) for all r < po. Next, using the backwards flow of a Milnor 
vector field v(Z) of f, we observe that X,,(f) is homotopic to X,(f) so that 


Xpo(g) ~ Xr(g), Vr < po: 


We can choose r > 0 sufficiently small so that g has at most one critical point in B, and, 
in case it exists it is the origin and is nondegenerate. By choosing B, even smaller we can 
use Morse lemma to change the coordinates so that g is a polynomial of degree < 2. The 
contractibility of X,(g) now follows from the local analysis involved in the Picard-Lefschetz 
formula (see Chapter 7). 


The equality (13.3) now follows from (13.4), the contractibility of X, and the long exact 
sequence of the pair (X,,M,). @ 
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§13.2 The local monodromy, the variation operator and the Seifert form 
of an isolated singularity 


The above results show that the Milnor fibration, is a fibration in manifolds with boundary 
M,(f) classified by a gluing map Ir. The total space of the boundary fibration is the 
intersection of the hypersurface. This extends to a fibration 


Yo = {Ifl =o} 


with the sphere 0B,. The Milnor fibration is then simply described by the map f. Because 
|f| |az, does not have critical values accumulating at zero we deduce that this fibration 
extends to a fibration over a small disk 


Oye = {lA =r; F@1<eh(=Upelf)NOBr) > {lw < ch, 24 £. 
Thus the fibration f : Y. > {|w| = c} is trivializable 
Urelf) 0 OB, & {|u| <c} x L— rf) 
so that the restriction of 'y is homotopic to the identity. For simplicity we assume 


ls law, (f= 1. 


Definition 13.8. The local monodromy of the isolated singularity of f at 0 is the auto- 
morphism 


(Ip): Hn-1(Mr(f),Z) + Hn-1(M;(f), Z), 


induced by the gluing map I’. Whenever no confusion is possible, we will write ['y instead 
of (TC fae , 


Suppose z € Hy_1(M,(f),0M,(f);Z is a relative cycle. Since I’ acts as 1 on 0M,(f) 
we deduce that 


o( = T,)z =0 
so that z—Tyz € Hy_-i(M,(f);Z) . The morphism 
Hy—1(Mp(f),OM,(f);Z) 4 Hni(MysZ), 242—Tye 


is called the variation operator of the singularity and is denoted by var;. We see that 
the Picard-Lefschetz formula is nothing but an explicit description of the variation operator 
of the simplest type of singularity. 

Before we proceed further we need to discuss one useful topological invariant, namely, 
the linking number. (For more details we refer to the classical [24].) 

Suppose a and b are (n — 1)-dimensional cycles inside the (2n — 1)-sphere 0B,. (When 
n = 1 we will assume the cycles are also homotopic to zero.) We can then choose a n-chain 
A bounding a. The intersection number A - b is independent of the choice of A. The 
resulting integer is called the linking number of a and b and is denoted by Ik(a, b). 
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The computation of the linking number can be alternatively carried as follows. Choose 
two n-chains A and B bounding a and b, which, except their boundaries, lie entirely inside 
B,. We then have 


In particular, we deduce 
Ik(a, b) = (—1)"Ik(b, a). 


To prove the first equality is suffices to choose the chains A and B in a clever way. 
Choose B as the cone over b centered at 0 


B= {tz ZEb, t€ (0, 1]}. 
Next, choose a chain Ag C OB, bounding a and then define 
1 1 
A= {52 Ze Ao} U {¢: Zea, te 5.1} 


(see Figure 13.1.) 


Figure 13.1: Linking numbers 


Fix a sufficiently small number ¢ > 0 and set for simplicity 
®, (8) = Os r(e") 1 {If Ze}, Te= {If Se} 0 OB. 
Consider a family of diffeomorphisms of 
Y¥;: ®,(0) > ®,(2nt), t € [0,1] 
which lifts the homotopy t ++ exp(27it), Yo = 1 and agrees with a fixed trivialization of the 
boundary fibration. Observe two things. 


e Y; can be identified with I';. 
e Ifa, b € Ay_1(®,(0);Z) then Yi/2 € ©,(7) and thus the cycles a and Y,/2b in OB, are 
disjoint. 
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Definition 13.9. The Seifert form of the singularity f is the bilinear form 
Ly on Hy-1(®,(0); Z) defined by the formula 

Ly(a, b) = Ik(a, Yj /2b). 


Proposition 13.10. Consider two cycles a € Hy_\(®,(0), 0®,(0);Z) and b € Hyn_1(®,(0); Z). 
Then 


Ly(var ¢(a),b) =a-b 


where the dot denotes the intersection number of (n —1)-cycles inside the (2n —2)-manifold 
®,.(0). 


L,O 


Figure 13.2: The variation operator 


Proof Consider the map 
Y: [0,1] xa— OB,, (t,Z)4 Y,(2). 


The image of Y is an n-chain C C 0B, whose boundary consists of two parts: the variation 
of a 


var ;(a) = Yia—a, 


which lies inside ®,(0), and the cylinder Y([0, 1] x 0a), which lies entirely inside on OT (see 
Figure 13.2). We have a natural identification 


aT = {|w| < e} x L,(f) 


obtained by fixing a trivialization of the boundary of the Milnor fibration. Note that Y;(0a) 
corresponds via this identification to the cycle {ee?""} x da. Now flow this cycle along the 
radii to the t-independent cycle {0} x 0a. 
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We thus have extended the cylinder Y({0, 1] x a) to a chain A in 0B, whose boundary 
represents var;(a) C ®,(0). The intersection of the chain A with Y;/b is the same as the 
intersection of the cycles Y|/2a and Y,/2b in the fiber ©,(7). Hence 


L (var ;(a,b)) = (Y¥1/2(a) - Yiy2b)o,(2) = (a: b)o,«). 


Proposition 13.11. The Seifert form is nondegenerate, i.e. it induces an isomorphism 
from Hy-1(®,(0);Z) to its dual. 


Proof The Alexander duality theorem (see [24]) asserts that the linking pairing 
Ik : Hy1(®,(0),Z) X Hy—1(OB, \ ®,(0);Z) + Z 


is a duality, (i.e. nondegenerate). A bit of soul searching shows that the middle fiber ©,(7) 
is a deformation retract of 0B, \ ®,(0). Consequently, we have an isomorphism 


Hy-1(0B, \ ®,(0);Z) = Hn_1(®,(m); Z). 
The proposition now follows from the fact that Y,/2 induces an isomorphism 


Hn-1(®,(0);Z) 3 Hp—1(®,(m);Z), i 


By Poincaré-Lefschetz duality, the intersection pairing 
Hy_-1(®,(0), 08, (0); Z) x Hy_1(®,(0); Z) > Z 
is nondegenerate. Proposition 13.10, 13.11 have the following remarkable consequence. 


Corollary 13.12. The variation operator of the singularity f is an isomorphism of homol- 
ogy groups 


Ay_-1(®,(0), O®, (0); Z) 4 Hn_1(®,(0); Z). 
Moreover 


Ls(a,b) = (var;'a)-b, Va,b € Hn-1(®,(0)). (13.5) 


Corollary 13.13. For a,b € Hn_1(®,(0); Z) 
a:b =—L;(a,b) + (—1)"Ly(b,a). 


Proof Observe first that 
var sa: varsb + a: varsb + varsa-b =0. (13.6) 
If we set ag := var;a, bo := var sb we deduce 


ao: bo = —var;'ao x bo — aq: var; ‘bo ey —Ly(ao, bo) + (—1)"L¢(bo, ao). |_| 
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§13.3 Picard-Lefschetz formula revisited 
We want to outline a computation the variation operator of the simplest singularity, 


The answer is the Picard-Lefschetz formula discussed in great detail in Chapter 7 using a 
more artificial method. 
The Milnor fibration of this quadratic singularity is given by the formula 


1 
os. > 2 
j Jo 
The vanishing cycle corresponds in the fiber ®,(0) to the cycle A defined by the equations 
> z7=1, Imz;=-0 
J : J . 
j 


We have 
var~'A- A =1k(A, Yjj2A) = L(A, A) = (-1)"A-B 


where A and B are cycles in B, with boundaries A and respectively Yj/2A. To calculate 
the linking number 1k(A, Y;/2A) it is possible to use the family of diffeomorphisms 


WU, : B,.(0) > ®,(2rt), (21,--+ Zn) HO (eM z1,--- 5 e™ zn). 


The reason is very simple. W,/2A and Y;/2A are homologous inside the Milnor fiber ,.(1/2) 
so that they have the same linking number with A. 
The cycle Y/2A is determined by the equations 


Se =—l1, Rez; =0. 
j 


We can take as A and B the chains determined by the equation 3m z; and respectively 
Rez; = 0. Their intersection is +1 with the sign which can be determined following the 


rules in Chapter 7. 


Chapter 14 


Clemens’s generalization of the 
Picard-Lefschetz formula 


The Picard-Lefschetz formula explains the topological implications of a nondegenerate crit- 
ical point of a holomorphic function. In this chapter we want to approach the general case 
and try to understand the monodromy of such a critical point. The description will be in 
terms of a resolution of that singularity. Our presentation is greatly inspired from the work 
of H. Clemens [8, 9, 10] and N. A’Campo, [1]. 


§14.1 Functions with ordinary singularities 


Suppose P € C[zo, 21,°** , Zn] is a polynomial in n+1-variables such that the origin 0 € C’+! 
is an isolated critical point. A famous result of H. Hironaka [17] implies that P admits an 
embedded resolution of singularities. This means that there exists a n + 1-dimensional 
Kahler manifold X and a holomorhic mapz : X — C"+! with the following properties. 


e The restriction of 7 to X \~1(0) is a biholomorphism onto a punctured polydisk of C”++ 
of the form 


O< |e.) rk hae eon: 


e The exceptional set E = 1~'(0) consists of smooth divisors in X intersecting transversely. 
elf H={P =0} CC"! then the closure of 7~!(H \ 0) in X is a smooth divisor. 


The composition f := Poa: X — C is now a holomorphic function on the Kahler 
manifold X such that the fiber f—'(0) has better controlled singularities. Note that for any 
t €C, 0 < |t| <1 the fibers f~'(¢) and P~!(t) are diffeomorphic. As t + 0 the Milnor 
fiber “collapses” onto the singular fiber f—'(0) and thus we can expect that this singular 
fiber carries a considerable amount of information about the generic nearby fibers. This is 
the type of problem we intend to address in this chapter. 

Suppose X is an (open) Kahler manifold of complex dimension n +1, A is the unit open 
disk in C, and f : X — A with the following properties. 


e 0 €A is the unique critical value of f. Set X;:= f—'(t) 
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e Xo = Uj-1 D;, where D; are smooth divisors in X. For any set U C X we define 


re {i: DAU 0}. 


For simplicity we set I(x) = I({x}), Vx € X. 
e For any subset J C 1,v := {1,--- ,v} the divisors {D;}ier intersect transversely. We set 
D; = () D;.- 
ier 


Note that D; is either empty, or it is a codimension || complex submanifold of X. 


The above requirements imply that there exist holomorphic line bundles 
In,:+: , Ly aX, 


positive integers m1,--- ,m, (the multiplicities of the divisors) and holomorphic sections 
6; € T(L;),i =1,--- ,v, of LT" @ L?” is the trivial holomorphic line bundle and 


Dy = 8,'(0), f(x) = ula)s 5p 


where u : X — C is a nowhere vanishing holomorphic function. We fix once and for all a 
hermitian metric h; on L; and we define 


ry X=» [0 00); 72) = |Site) ie (14.1) 


We will assume u = 1. 


Example 14.1. (Working example. Part I.) Consider the function f(x,y) = y? — z°. 
By resolving the singularity at (0,0) we obtain a two dimensional manifold X (which is an 
iterated blowup of C? and a map f : X — C which satisfies all the above conditions. We 
want to determine all the relevant invariants. 

By using the substitution x > x, y > xy we see that 


f=’ -2°) > fi=a’ly’ -2°) 


where the exceptional divisor F is given by x = 0. f; has order 2 along E,. Next we make 
the substitution 7 > x, y > ry to get 


fir feaec'(y? —2) 


where the exceptional divisor £2 is given by z = 0. fo has order 4 along E>. The substitution 
rH xy, y - y leads to 


fo fp =ya'(y — 2) 


where the exceptional divisor £3 is given by y = 0. fs has order 5 along £3 A final blowup 
TH x,y > ry leads to 


fgof=fs=yrr(y-1) 
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Figure 14.1: The resolution of singularity y*? = x° 


where £4 is described by x = 0. a has order 10 along £4. These transformations are depicted 
in Figure 14.1 where we have also kept track of the multiplicities of the exceptional divisor. 
We denote by C the proper transform of the germ C = {y? — 2° = 0}. In this case we can 
take vy = 5 and set 


D; = Ej, 1<j <4, Ds =C. 
Then D; = @ if |J| > 3 and the only nonempty D, with |J| = 2 correspond to 
J = {1,2}, {2,4}, {3,4}, {4,5}. 


In all these cases D; consists of a single point. 


§14.2 Local behavior 


To proceed further, we need to collect more information about the (local) topology of the 
overlaps Dz. Consider the family of hypersurfaces 


S:= 2("-t) cc 


where Z = (21,--+ , 2), ™ = (m1,--- ,m™mq) € Z4 and 


ym Mi... ™q 
go =i 2g 
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Define 
Th= {2€ Se |) =---= [ag 
pis {ze Si; Rez; >0, Imz,=0, Vj,k=1,--- sgh 
= {Fe (060) ova SS i. 
We set d:= gcd(mj,--- ,m,). The connected components of 5; and T; are parametrized by 


the d-th roots of 1. This follows from the factorization of the function 7” — t 


d 


m —¢= |] (2 - toe?) 


j=l 
where 


foe thes, S Qi 
i= Ti, C= exp), 


and to is a fixed d-th root of t. When ¢ is real we assume to € R;,. In the sequel, for 
simplicity, we will denote by S; by T; the connected component of 5; and respectively T; 
labeled by the trivial d-th root of 1. 


Lemma 14.2. Fort #0 we have 


St =R x Ty. 


The hypersurface S; lies in (C*)?, and the universal cover of this space is C?. We will 
denote the complex coordinates on the universal cover by ¢; = p; + 10;, 7 = 1,--- ,q. As 
covering projection C? — (C*)? we pick the map 


1-46; 


Wt ae (Cy Gee = eo ie a ee 


W is invariant under the action by translation of the lattice 


q 
1 
Am = CD 2nhmiZ, h= -. 
j=l d 


Note the restriction of UV to eC? is one-to-one. Its inverse is 


1 
®:(R")?’ >ReC!, rnp -(1-—mlogri), i=1,---,¢ 
q 
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and 


q 
R=W(Q), Q= {(e1-- sp) ER Sei=1}. 


i=l 
Define 


Q:C15C, (f+ i6) = ae + i6;). 
i=1 
The universal cover of Sexp(iz) 18 the complex hyperplane L; := Q-1(1 — ift). We set 
T=ReQ, O=ITIm. 
Consider the closed polydisk 
De = {zc Ce lap Pe es eS yess gh. 
The portion 
09 := RN D;, 


is the image via V of the standard simplex 


For j = 1,--- ,q we denote by V; the vertex of A defined by the condition p; = 1. For 
JC {1,:-- ,q} denote by A; the face spanned by the vertices {V;; 7 € J}. 
Fix a partition of unity (vj)o<i<q on Q subordinated to the open cover 


0; = {fe Q; pi > oh. 
This defines a retraction 
T:QA, pr (v0lA).-++ 040). 
Extend v; to a A,,-invariant function on v;,: Qe I3ImC! > Ry by setting 
ve(@ +48) = v4 (0). 


The collection (vz)1<%<q descends to a collection of nonnegative functions 7),--- , Tq on the 
real hypersurface 


8 = {lz +++ [aql™* = 1} c (C*)4. 
By definition 


Uk = Wry. 
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For every t > 0 define 


Qriry ty 


Fy: 51 > Sexpitys 2 (exp( Z1,°°* , exp 


My ™Mq 


We need to talk about the possible orientations of S,. Using the map WV we can introduce 
local coordinates 


(Pies Pots Oe Reed) 


on $;. 5S; has an orientation as a complex submanifold locally described by the volume 
form 


Or complex = dp, \ dO, A--- A dpg—1 A dO q-1.- 


On the other hand, in view of Lemma 14.2 we can view 5S; as a gq — 1-dimensional disk 
bundle over the (¢ — 1) torus T, and as such it has a fiber-first orientation 


OYbundle = dp Ar: A dpg—1 A dO, A+: A dO q-1- 


Observe that 


(q-1)(q—2) 
OL bundle = (— ) 2 Or complex: 


Set 
Sy = 5,9 Dx. 
We will denote by PD, (resp. PD,) the Poincaré duality isomorphisms 
Hip ($1) > Aipp(S$1,081)* = Ai($1,051;R), Hip($1,081) > Hop (S1)* & H.(S1,B) 


induced by the complex (resp. bundle) orientation. More precisely, for every w € Q*(S;) 
and every 1 € Q4™51—k( $1) such that w lag, = 9 we have 


(PD(w).1) =|. w An = (w,PD(n)) 


where (e, e) denotes the natural pairing between a vector space and its dual, and the integral 
should be defined in terms of the chosen orientation. 
To proceed further we need the following elementary geometric fact. 


Lemma 14.3. Suppose f is a smooth function defined on the Riemann manifold (M, gq) 
and s is a regular value of f. Then the volume form on M, = f~'(s) with respect to the 
induced metric is given by 


at I) 
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Now denote by T? the torus 3m C?/A,;,. Then T; is the codimension one subtorus of T? 
defined by the equation 


{574 =O} /A 
k=1 


The metric on T? is induced from the Euclidean metric on 3m C! and its volume is 
q 
vol (Ari) = (20h)? | [ me. 
Bea 


Then the Euclidean volume form on @~!(0), the universal cover of T, is given by 
dup, = hl? « d@ = hl? P(dO,,--- ,d0q) 


where *-denotes the Hodge *-operator on the Euclidean space 3mC!% and P denotes the 
polynomial in the super-commuting variables \1,--- , Aq € 0*(C?) 


q 

P(Aa,+++ Ag) = SO(H DATA A A Aga Ang A A Ag 
k=1 

To compute the volume of T we use the following elementary result. 


Lemma 14.4. 


1 1 
vol (T,) = rane” wo = vol (TY), (A= 7) 


Proof Set 


Consider the sublattice A’ = Ap ® (ws) C Aj, where 


po = 2mmoh(1,1,--- ,1) € Ag 
——S eee 


q times 


and mo is the least common multiple of the integers m1,--- ,™m,. Denote by r the index of 
A’ in A,z. Since pp L Ap we deduce 


|| -vol (T,) = |u{vol (Ao) = vol (A’) 


= rvol(A,,) =17- vol (T). 
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so it suffices to determine r. We have the following commutative diagram with exact rows 
and columns. 


0 ———> 2a fim qZ ——> 2nfidZ ———> Ag,/ A’ ———— 0 


I ot 


0 0 0 
Thus r = moq/d so that 
moq mog 1 
1(T,) = —vol (T’) = ———— = ——-wol (T!). 
OS ao 2 dmoh/q  2ndh3l2.” ™ 


Observe that Q = T~!(1) and thus 
dug = h'? x dT = h/? P(dpi,--- , dp) 


Additionally 


i "dug = [, eve = Gen! -_ RD! (14.2) 


Now observe that Y*dvg is supported in A and thus, along Q, the compactly supported 
(q — 1)-form 


6B =f? (q—-1)!T*dug 


represents the Poincaré dual (in Q) of a point . This form descends to a compactly supported 
(q — 1)-form on 5S; representing the Thom class of the fibration 


00 > $y — T\. 


The (q — 1)-form dv, descends to the volume form on T, — 5S. Observe that the cycles 
[Ti] € Hat Si) and [oo] € Hg-1(51,051) define by integration elements 


[Ti] € Hop (S1)*, [0] € Hop (S1,951)* 
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Using the computation in Lemma 14.4 we deduce. 


[oo] = PD; (210 Gen (14.3) 
and 
[T1] = PD,(B) (14.4) 
Suppose m is a common multiple of mj,--- ,mg. Observe that the pullback of 
F* dur, € O47 "(S1) 
to C? via W is the (q — 1)-form 
n'/? P(d0, + 2nmhduy,). (14.5) 


Since the 1-forms du, are identically zero outside the A x 3m (C? we deduce that 
supp (F7, dur, — dur,) C Ay, 
so that 
x q-1/é 6 
EF dvr, = dur, € Aner (S41, OS}). 
Form the degree (q — 1) polynomial 
V(t) = Al? i P(d0; + 2ntmhdv;). 
A 
To proceed further we need the following combinatorial result. 
Lemma 14.5. Suppose R= ee a;t) € C{t]. Then 
L Ak 
an = 77(A*R)() leo 
where A denotes the finite difference operator 


(AR)(t) = RE +1) — R(t). 


Proof For every polynomial R € C{t] define 


Fr = Frlts2] =D) R(t +n)2" © Cle] [2], 
n>0 


Observe that and 


2PFar = (z—-1)Fr+ Rit). 
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This implies that 


o z—-—1 
Far =4(2)Fr+2'R, 9(2) = ——. 
We deduce iteratively that 
1 k-1 ay 
Fag = @(z)* +— >) a(z)** IAIR. (14.6) 
amr 
so that 
k-1 iy 
HF arp = (2-1)'Fr+ > (2-1)** AIR. 
j=l 


Since deg AR = deg R—1 we deduce that if R= we, at then A’ R = a;,Cy, where C;, is 
an universal constant. It suffices to consider only the case R = t*. Observe that 


Ck 
1-2z 


Park = 
On the other hand (see e.g.[30, p. 286]) 


(z+1)---(@+k 
Fa bo= Dinkef - Se 
n>0 


Using (14.6) with t = 0 we deduce 


zk 2(z+1)--- (+k) — 1)R-1-d qi 
ee -IAIR(O 
ae (1 — z) 1+ @- 0) 
j=l 
so that 
k-1 
Cyz* = 2(24+1)---(z +h) )+ So(2- 1 FAIR). 
g=1 


By setting z = 1 we deduce Cy, = k!. 
We now apply Lemma 14.5 to the degree (¢—1) polynomial V(s). Its leading coefficient 
is 


-1 
= q-1 , 41/2 . = a (14.2) (Qamh)4 
Qg—1 = (2amh) h I P(duz; 1<k < q) = (2amh)* ‘vol (A) iq 1! 


We deduce 


(At'V)(0) = q(2am)— = (2nm)*- 
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Now observe that 


(AZ 'V)(0 = [ (Een "( ")e-ondon ) 


j=0 


where as we have explained, the integrand is a compactly supported (q — 1) form on Sy 
which, according to the Thom isomorphism theorem, has to be a multiple of the Thom class 
8. For obvious reasons we set 


q-l1 
= -(a—-1\ 7. 
vary, | (dvr,) == (-1P( )Feacomdon 


We deduce that 


var?! (dur, ) = (27m)? 


Multiplying both sides by Poth , Wo = voly(T?) = (27h)?m1---mg and then using (14.3) 
and (14.4) we deduce 


_ - _ 1, 2mdh3/? mild 
var’, '(PD, '[oo]) = var%, *( ms a a PD; [71] 


We have thus proved the following generalization of the local Picard-Lefschetz formula. 


Theorem 14.6. Orient the fiber S,; as a complex manifold. Suppose m is a common mul- 
tiple of m1,-++ ,Mq. If we set 


var! ([o9]) := PD. o var¢,! o PD7'([a0]) 
then 
vard'([oo]) € Hg—1(S1;R) 
and moreover 


var?! ([o9]) = PD, 0 vard,! o PD; '([o0]) = = ee ik 


In particular if “” denotes the intersection pairing with respect to the complex orientation 
we deduce 


dmi-! 
q-l — (_1)(a-V(q-2)/2_O 
[70] - var®, *([o0]) = (-1) M++* Mg 
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§14.3 Reconstructing the Milnor fiber and the monodromy 


We now patch-up the local information we obtained so far. Define 


f= {« EX; Trey = i} 
i=l 


where the function r;(x) is defined in (14.1) and essentially measures the distance away 
from D;, Vi = 1,--- ,v. Upon rescaling the sections s; we can assume that FR lies in the 
neighborhood N of Xo defined by 


N= {x eX; min ri (zr) < e}. 
l<i<v 
Define 
1 
pi: X\Xo, pi = —(1 — mj logri). 
The functions p; define 
®:X\Xo 39 R’, 2 (p1(2),--- , pr (2)). 


Its image lies in the hyperplane 


Qy = {(en- 1 Pv); 3 = i. 
1= 1 


We denote by A, the simplex 
Ay = {lpi spr) € Qi p20, VE=1,-- wh 
As in the previous section we have a retraction 
YT: Qu 4 Qv, Pr TP) = (vi(),--+ ,w (A) 
of Q, onto A, and we set 
T= pjoTo®:R-— (0,1). 


Note that 


Vv 
> oe 
i=l 
We get a map 
T: HAA, 
whose image is the simplicial subcomplex K Cc A, defined by 


Li ale R = Dn ADs, ow 
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The faces of K are labeled by subsets of {1,--- ,}, and we will denote them by the symbols 
Ay. We will identify it with the |J| — 1 simplex 


Ay := {#e Ri; Ez = a 


ier 


When dim X = 2, K coincides with the resolution graph. To each face I € K we associate 
the closed subset 


Gp= {re 9; ri(z) Se; vi er} 
For t € C, |t|=1 


Sipi=XiNGr, Sly= {ee Sn m(e)™ ze, ve Th, 


Nr = {2€X; lee Fes vie Th, Dj = {x € Dy; rp(a)™* > e, ve ¢ Ih. 


For simplicity we drop the subscript t when t = 1. We can explicitly describe the structure 
S'. Set 


Er=Qk&, Fr:= QL?™, Pr:= & LM = det Fy. 


wel iel iel 
E; and Fy are rank |I| holomorphic vector bundles equipped with the hermitian metrics 
hr = @ierhk, gr = ierh;". 
Denote by 
aps Ep |p Di 


the canonical projection. Using the metric h; on E; and the associated Chern connection 
we can smoothly identify N; with a neighborhood Uy; of the zero section of E; |p,. We 
denote by 4; — Nz this diffeomorphism. We set 


ui = a7 *(D}), Ni = ur(Ul). 
We have a natural holomorphic map 
pr: Er |p, Pr |p, 


induced by the the tensorization maps e®” : L; — Li’. More precisely 


pr: Br > (p; (zi)ier) 4 (ps [] 2") € Pr. 
wel 


Above, p denotes a point in D; while z; denotes a local coordinate in the fiber L; py. 
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Using the diffeomorphism jz; we can identify sr = @jcrs; with the tautological section 
Ur = Dieluj of a Ey — U;. Set 


fr = I] Ge 
tel 
Now observe several things. 
e The restriction of P; to Di is trivial since it is isomorphic to the restriction of P to Dj. 


Denote by £7: Dt — Pr the tautological section defined by this trivialization. We identify 
it with a function €; : sy —+ C* via the isomorphism P; = P = C over oe 


e st = uz (St) C U; is mapped by p; onto vr(DI). 
e The map p; factors through a map 
my 
fr: Ep Pr =QLP 
tel 
defined similarly. The power map 
0241. Pl — Py 
is a degree d; cover branched over the zero section of Py. We thus have the following 
commutative diagram. 


Br 
Ey; — Pe 


Py; 


We conclude that the image of oa via py is a dy-fold cover of vy(D') = Di, We denote 


this cover by CG} and by A; : Ci > Di the covering projection. The computations in the 
preceding section show that the map 


pr ‘ au = C! 
is a fibration. We have the commutative diagram. 


Pr 


S} Cj 
oN Paes (14.7) 
pt 


I 


The fiber of $7 over c € ay can be explicitly described as follows. 
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First, identify each point c € en with a pair (p,c(p)), where p = Ar(c) € Di and 
c(p) € C* satisfies c(p)” = &;(p). Then f7'(c) is one the connected components of 


‘ E Erp; [[ si(ur(v))™ = (I neistenym) 
ae kal 


namely the one parametrized by c(p). Now observe that the unit circle bundles $)(L;) @ Lj, 
i € |I| define a sub-bundle 77 — E; with fibers |J|-dimensional real tori. The space E; \ Dz 
is the total space of a fibration 


(0,00)! 4 (By \ Dr) > Tr. (14.8) 


Then the fiber fe (p) is the total space of the restriction of the above fibration over a certain 
codimension 1 sub-torus of 77). The diagram (14.7) can be refined as follows. 


Br 


Ar ———— S'1n Erp —— (81,511 Erp) (CT, {e1,+++ , ea; }) 


fo (Di, p) 


(14.9) 


where T/~! c (C*)! denotes the union of (|Z| — 1)-dimensional tori defined by 
{ze (C*)'; jal=1, wer, [2% = i, 
wel 
Suppose now that A; is a face of Ay. Define 


Sra =Sinst 


= {re Si; mise. NET. tila) =e, V7 eT \ Ly tee) SS; vk ¢ 1} 


We denote by I'7,7 the inclusion S7,7 si and by [7,7 the inclusion $7; 4 St 

To understand the nature of these gluing maps we need to better describe the structure 
of S77. The inclusion [77 is obtained by viewing S7,7 as a subset of the total space of the 
bundle 


ay: Ey Int > DY. 


The neighborhood N; of D; in X can be identified with a neighborhood U,; of the zero 
section of Ey |p, Dy. The part of the divisor Dy; which intersects Nj can be identified 
either 


e with a part of the total space of the splitting sub-bundle F7\; + Ej or 
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e with the zero section of mE; + Ej [pt 


Set 
TT,J = Din Dyt. 


We view Ty, ; as the (|J| — |J|)-torus sub-bundle of the totally split bundle Ej; —> py 
defined by the equations r; = e, Vj € J \ I. We have the following commutative diagram 


Ty r 
m\ (ET | pt) ) 3 $17 —, $1, —~+— st C Ey 


1 oN Zt 


Cay Ay (Ei Cony = Ap (Pra): 


where 


We want to discuss a bit the coverings 
dj:1 dy:1 
Cvs,1) as TT,J bas Cur,J): 
The covering C(;, 7) ae T7,7 is obtained from the d; : 1 branched cover 


P; aire Py ln 7= (P;)4 : ltr, 
by restricting it over the nowhere vanishing section s7 := @je, aP OP; Izy, ;- Lhe covering 
dj:1 ‘i Hy ‘ 
C,1) = Ty,7 is obtained from the dj : 1 branched covering 
Py ln37 By ltr, 


by restricting it over the nowhere vanishing section s 7 of P;. Observe that we have a natural 
isomorphism 


d;/d 
(Pr) ae lt1,57 Pj 
described as follows. Trivialize P; |7,,, using the nowhere vanishing section 


! ‘dy 
s= ®si" 


wel 


Then the above isomorphism is defined by 
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We denote by A,;,7 the oe :1 map P! > (P/)“/47 = P! we obtain via this isomorphism. 


We get the following commutative diagram. 


d 
Ag peqbl 
i J 
C17) Can 
wa Poa 
Try 


The image of $7.7 in gt via the inclusion Ij; is is described by the equations rz, = e, 
k € J\ I. In less rigorous but more intuitive terms, I'y,7(S7,7) looks locally like 


((Ar CAG) x ml) x djO,, 
Se 
fiber pea 
where ©, is a small open set in Di and d;O, denotes the disjoint union of dy copies of 
Oj ;. This shows that the the total space of the covering Ay : C(z,7) + Tr, has dy connected 
components. Then I'7,7(.57,7) looks locally like 


(A; x THI“) x dy (TM x 07). 
=—__—_"-—- eon” 


fiber base 


The nature of the diffeomorphism I;,7(S7,7 > Iy,r(S7,7) is now intuitively clear. We see 
that X 1 is obtained by a process similar in spirit to the operation of plumbing. 

We interrupt for a while the flow of arguments to present a low dimensional example 
which we hope will display the strengths and limitations of the constructions we introduced 
so far. 


Example 14.7. (Working Example. Part II.)Consider n = 2 and f : C’ > C, is the 
resolution of y? — 2° we described in Example 14.1 (see Figure 14.2). Then v = 5 with 
Dy = Ey, 1 <k <4, D5 = C. The simplicial complex K is precisely the resolution graphs 
of the singularity depicted in Figure 14.3. 

There are 4 crossings and near them f is equivalent to one of the monomials 


29, 2, Zz, 21°22. 
Di is a sphere FE, with one hole, Di is the sphere Eg with two holes, Di is the sphere F3 
with one hole, pt is the sphere Ey, with three holes, and Di is a disk with one hole. We 
can now reconstruct S;, 0 < ¢t< 1. Consider small polydisks A;,--- ,A4 centered at the 
crossing points as depicted in Figure 14.2. We begin by considering one by one each the 
five pieces si, [S| he 


ek=1. st is am, = 2-cover of Di. t'Thus S} is a disjoint union of two disks. 


ek =2. si is a m2 = 4-cover of the sphere with two holes Di, It thus consists of 1, 2 
or 4 distinct cylinders. It must consist of two cylinders to be attached inside A, to the 
boundaries of the two disks which form st ; 
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Figure 14.2: Dissecting the resolution of y? — «° = 0. 


Ds 
eo —__e __ ee 
D D D 
1 2 4 D3 


Figure 14.3: The resolution graph of y? — «° = 0. 


e k =3. S3 is a m3 = 5-cover of the sphere with one hole Di. It is thus the disjoint union 
of five disks. 


ek = 4, si is a m4 = 10-cover of the sphere EF, with three holes. Moreover its Euler 

characteristic is ten times the Euler characteristic of the twice punctured disk so that 
Tt 

x(S4) = —10. 


ek=5. s} is diffeomorphic to the disk C with a hole around the intersection point with 
E4. It is thus a disk. 


There are four pieces st, |I| = 2, which we label by Cj = 5;N Aj, j = 1,---,4. Ch 
consists of gcd(2,4) = 2 cylinders. C2 consists of gcd(4,10) = 2 cylinders, C3 consists of 
one cylinder while Cy consists of gcd(10,5) = 5 cylinders. The boundary of si consists of 
three parts. A part to be connected with the two cylinders forming C2, a part to be glued 
with the disk S? and a part to be glued with the five cylinders forming Cy. We obtain the 
situation depicted in Figure 14.4. Observe that the genus of S; is 2 = Gp) that is 
half the Milnor number of the singularity y? — 2° = 0. This is not an accident. 

As one can imagine, the situation in higher dimensions will be much more complicated. 
Even the determination of the multiplicities of the divisors D; is much more involved. We 
will have more to say about this when we discus toric manifolds. 


Exercise 14.8. Consider the an irreducible germ C of planar curve with an isolated sin- 
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Figure 14.4: Reconstructing the Milnor fiber. 


gularity at (0,0), denote by Tc its resolution graph and by V(C) the set of its vertices. 
To each v € V (C) it corresponds a component of the exceptional divisor with multiplicity 
m(v). Prove that the Euler characteristic of the Milnor fiber is given by the formula 


> m(v) - (2 — deg(v)). 


vEV (C) 


We now return to the general situation. We want to explain how we can obtain infor- 
mation about the monodromy. Again we use the identifications 4; : Uz — N;. The bundle 
Ey |p, is equipped with a natural periodic R-action described as follows. If 


t= (Bieri, p) € Exp, sUEE Lip, pE Di, tER 


then 


a 


‘ 2Qrit 
exp(it) -2 = (ier exp( ui, p) Sry 


Now set w(t) = exp(27it) and define 
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so that if « = wr(®jervj,p) € sh 


QnitT; (z) 


Fr y(2) = pr (@ier exp( wi, p) € Ej». 


i 
Let us observe that that whenever J C J we have 


Fry(“) = Fy4(z) 


for every x in the overlap T7,7 = si NS7z;. Indeed on the overlap we have r, = e, Vk € J\I 
so that 7,(xz) =0 for all k € J \ I. This shows we have a well defined map 


F, :X1, > Xw(t) 
The monodromy is given by F}. 


Example 14.9. (Working example. Part III.) We continue to look at the situation 
explained in Example 14.7. Each of the pieces si is a cyclic cover of Di} of degree mz. In 
the interior of S;} the action of F; generates the action of the cyclic deck groups of these 
covers. We consider the two cases separately. 


° st, my, = 2. F; flips the two connected components of st. 

° sh, mg = 4. F, interchanges the two components of si but its action in the interior is 
not trivial (see Figure 14.5). 

° Sh, m3 = 5. F, cyclically permutes the five components C,--- ,Cs but the transition 
C; > Ci41 is followed by a 27/5 rotation of the disk C41 (see Figure 14.5 

e si, ma = 10. si is a 10-fold cover of the twice punctured disk pt which has three 
boundary components which we label by y2,73,75 (see Figure 14.6). yz is covered by 
si al si k = 2,3,5. The fundamental group of this twice punctured disk is a free group on 
two generators y2,73. We have a monodromy representation 


@: (Dt) + Aut (st “4 Dt) = z/1oz. 


We identify this automorphism group with the group of 10-th roots of 1. Fix a primitive 
10-th root ¢ of 1. Since si n si has two components we deduce 


(2) = 0. 


We conclude similarly that (73) = ¢?. Since ys; = 7372 we deduce $(y5) = ¢") so that 
(ys) is a generator of the group of deck transformations of the covering 4. This also helps 
to explain the action of F, on si depicted at the bottom of Figure 14.5. 

The most complicated to understand is the action of the deck group of A4. To picture 
it geometrically it is convenient to remember that it is part of the general fiber of the map 


f(2,y) = y? — 2°, 


Xe= {eye yar =e, , la? + iy? <1}. 
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1/10 


7/10 


WA 


Figure 14.5: The action of F, on st, si and St. 


We already know its is a Riemann surface of genus 2 with one boundary component 
aX. = {(x,y) €Xe, lel? + ly? =1} 


The boundary is a nontrivially embedded S! <> S? and in fact it represents the (2,5)-torus 
knot (see Figure 14.7). There is a natural action of the cyclic group Cio := Z/10Z on X; 
given by 


‘< (x,y) — (C7m, Cy). 


The points on the surface where x = 0 or y = 0 have nontrivial stabilizers. The hyperplane 
x = 0 intersects the surface in two points given by 


yo =€. 


The stabilizers of these points are cyclic groups of order 5. The hyperplane y = 0 intersects 
the surface in 5 points given by 
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Figure 14.6: si is a cyclic 10-fold cover of the twice punctured disk Di. 


The stabilizers of these points are cyclic groups of order 2. Now remove small Cjo-invariant 
disks centered at these points. The Riemann surface we obtained is equivariantly diffeo- 
morphic to sh. To visualize it it is convenient to think of X, as a Seifert surface of the 
(2,5)-torus knot. It can be obtained as follows (see [36] for an explanation). 

Consider two regular 10-gons situated in two parallel horizontal planes in R? so that the 
vertical axis is a common axis of symmetry of both polygons. Assume the projections of 
their vertices on the xy-plane correspond to the 10-th roots of 1 and the 180° rotation about 
the y-axis interchanges the two polygons. Label the edges of both of them with numbers 
from 1 to 10 so that the edges symmetric with respect to the xy-plane are labeled by 
identical numbers. We get five pairs of parallel edges (drawn in red in Figure 14.7) labeled 
by identical pairs of even numbers. To each such pair attach a band with a half-twist as 
depicted in Figure 14.7. Remove a small disk from the middle of each of the attached 
twisted bands and one disk around the center of each of the polygons. We get a Riemann 
surface with the desired equivariance properties. 

Denote by Z[Cio] the integral group algebra of Co, 


Z[Cro] & ZIe]/(e"° — 1). 
The Abelian group G := H. (St) has a natural Z[Cio|-module structure. To describe it we 
follow a very elegant approach we learned from Frank Connolly. Denote by M the algebra 
Z[Cio] as a module over itself. Also we denote by Mo the trivial Z[Ci9|-module Z. 
First recall that G is the abelianization of m(S1). si is a 10-fold cover of the twice 
punctured disk Di and thus m(S1) is the kernel of the morphism 
$:m(D}) 4 Co, pee, wee. 


(D1) is a free group of rank 2 generated by yo and y3. We want to pick a different set of 
generators 


c= 273, y= 122°. 


They have the property that ¢(y) = 1 and ¢(x) is the generator p = C’ of Cy. Then 
K := ker ¢ is a free group of rank rankzH 1(S1) = 11. As generators of K we can pick 


a= x, b; = ayx I, 5 =0,--- ,9. 
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Figure 14.7: A (2,5)-torus knot and its spanning Seifert surface. 


From the short exact sequence 
10 K = (a; b;, § =0,--- 9) G m(DI) = (a, y) » Cio > 1. 


we deduce that Cio acts on K by conjugation. For every k € K we denote by [k] its image 
in the abelianization K/|K, K] = G. Observe that 


and 
p: [bj] = [x - aly Ig) = bee Vi SO eg Bi 
Finally 
p+ bg = [2'°y] = [x!°ya!°a—") = [a] + [bo] — [a] = [bo).- 
This shows that G is isomorphic as a Z[Cio|-module to Mp © M. 
TO BE CONTINUED.... 
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